MLP(multilayer perceptrons)
learning by the Levenberg-
Margquardt method

Part |l



M perceptrons

Generalized from two
perceptrons

How to revise mlp_learning for the case of learning a
network of M perceptrons?

How to add adaptable posterior weights? [StsintisiEn

How to approximate a target function, sin(x1+x2)
+Ccos(x1+x2)?
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Mathematical modeling
for nonlinear
transformation, M =10

y =h(clx1 + Cyxy + C3) + cypptanh(cyx; + C¢sxy + Cg)

+ ...+ C3otanh(cysx| + CopXy + Cr7) + Chpfanh(CygX| + CrgXy + C30) + Cyq

Nonlinear transformation of

linear combination of input
attributes




M
fx;a,b,r) = Z r tanh(a,x + b, ) + r,,
m=1

° C3(m—1)+1:3m — [am’ bm]’ m=1,...,.M

* Cappatam = L1551yl

* CGpm+1= 1o



Linear transformation
M=10

y =h(clx1 + Cyxy + C3) + cypptanh(cyx; + C¢sxy + Cg)

+ ...+ C3otanh(cysx| + CopXy + Cr7) + Chpfanh(CygX| + CrgXy + C30) + Cyq

Elements ¢{,...,c3,InC are

weights for linear
transformation




M=10

y =anh(clx1 + Cyxy + C3) + cypptanh(cyx; + C¢sxy + Cg)

+ ...+ C3gfanh(cysx| + CreXy + Cr7) + Cqgfanh(cogx| + CroXy + C30) + Cyy

Elements ¢3,/, 1,...,C3ppp iN R C4p+1182

_ _ constant
c are posterior weights term




I 77/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-1 NAB({E %4 » codes » v

¥ Editor - /Users/apple/Desktop/Jlann -Ming Wu/2023- INAQ&{E 1t /codes/demo_mlp_ Iearmng M_units.m

+5 | demo_mlp_learning.m | generateTraningData2.m | demo_Newton_mlp_learning.m .| demo_mlp_learning_M_units.m | + |
1 %% Solvmg a nonlinear system for MLP learning, created by Jlam
2 % Department of Applied Mathematics, National Dong Hwa Univers
3 %
4 % Using Matlab (R)
5 % 2021 11 3
6 % MLP learning is resolved by the Levenberg-Marquardt method
7 %
8 —function demo_mlp_learning_M_units()
2= syms ¢ % adaptable parameters in an MLP network

10 % preparation of training data

11 % uniform sampling

12 % Substitute to the target function g




x1
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Neural Architecture:
Perceptrons 57304
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h = g h at(x 1.%2 C) g_hat is a parametric function
— ) )

c: adaptable parameters



3M

—
C3p—-2
@ Cam+1
C3pm—1
~Ifunction F = testing_mlp(c,x1,x2,M)
= [x1 x2 ones(length(x1),1)1;
F = c(end);
=] for 1 = 1:M
F=F + c(3%xM + i) *x tanh(Axc((i-1)%3+1:i%3)"'):
- end
-end ° C3(m—l)+l:3m = [am, bm]’ m =1,...,M
* Cappatam = [yl
* Opm+1=1
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<@ = &5 @l % T/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-| NAB{E%'#7 » codes » demo_mlp_learning_M_units

Current Folder Gl FZ Editor - /Users/apple/Desktop/Jiann-Ming Wu/2023-| NAE{& 547 /codes/demo_mlp_learning_ M_
5 Na"fe‘ I | demo_mlp_learning_M_units.m ¢| testing_mlp.m | + |
) testing_mlp.m , . . |
1 ~function F = testing_mlp(c,x1,x2,M)
7= A = [x1 x2 ones(length(x1),1)];
S= F = c(end);
4—- [ fori=1:M
= F=F+ c(3*M + i) * tanh(A*c((i-1)*3+1:i*3)"); ¢
= end
Details A 7 - end
Workspace ®
Name A Value
Hy 50x1 double
1 y_test 50x1 double
Hz 50x2 double
H z_test 50x2 double
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M
fx;a,b,r) = Z r tanh(a,x + b, ) + r,,
m=1

° C3(m—1)+1:3m — [am’ bm]’ m=1,...,.M

* Cappatam = L1551yl

* CGpm+1= 1o
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Target function |

function h = g(x1,x2)

Cl=[11/2 -1/2]; %weight

C2=[1/3 -1 1]'; %weight

A = [x1 x2 ones(length(x1),1)];

h = tanh(A*C1l)+tanh(A*C2); %activation function
end

 High dimension and nonlinear target function

13



Target function |l

Replace the first tanh with sin and the
second tanh with cos

function h = g2(x1,x2)
Cl=[11/2 -1/2]; %weig
C2=[1/3 -1 1]'; %weight
A = [x1 x2 ones(length(x1),1)];
h = sin(A*C1)+cos(A*C2); %activation function
end

 High dimension and nonlinear target function
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demo_plot2d

function demo_plot2d()

range=2*pi;
x1=-range:0.1:range;
X2=X1;
for i=1:length(x1)
C(i,:)=g(x1(i)*ones(length(x2),1),x2";

end
mesh(x1,x2,0);

end

function h = g(x1,x2)
Cl=[11/2 -1/2]; %weight
C2=[1/3 -1 1]'; %weight
A = [x1 x2 ones(length(x1),1)];
h = tanh(A*C1l)+tanh(A*C2); %activation function

end
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function h = g(x1,x2)

Cl=[11/2 -1/2]"; %weight

C2=[1/3 -1 1]"; %weight

A = [x1 x2 ones(length(x1),1)];

h = tanh(A*C1l)+tanh(A*C2); %activation function
end
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Write an approximating
function with M perceptrons

* A multilayer neural network performs a parametric function
function h = g_hat(x1,x2,c) Adaptable
A = [x1 x2 ones(length(x1),1)]; PEIEIEEE

end.

* Approximating function g by g_hat

* The problem is how to estimate adaptable parameters in c.

17



% dN:r'n";‘plotde | demo_mlp_learning_M_units.m < | testing_mlp.m | demo_plot2d.m* | + |
# testing_mlp.m | 1 function demo_plot2d()
2= range=2*pi;
sil= x1=-range:0.1l:range;
4 — x2=x1;
Sil= for i=1:length(x1)
6 — C(i,:)=g(x1(i)*ones(length(x2),1),x2";
letails A U= end
oricrace o1 87 mesh(x1,x2,C);
e g — end|
Jy_test 10 function h = g(x1,x2)
1 e 11— C1=[11/2 -1/2]" %weight
2= C2=[1/3 -1 1]’; %weight
el= A = [x1 x2 ones(length(x1),1)];
14 — h = sin(A*C1)+cos(A*C2); %activation function
1= end
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Data Driven Learning
and lesting

Training and Testing Data Sets



training data set

z=rand(50,2)*2*pi-pi;
y=92(z(:,1),z(:,2));
plot3(z(;,1),z(:,2),y,".");

e [wo steps
e (Generate a uniform sample from the domain

e Substitute z(:,1) and z(:,2) to g

20



<@ = 5 @l = T/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-1 NABI{E%'#7 » codes » demo_mlp_learning_M_units

Current Folder
B Name &
) demo_plot2d.m
) g.m
#) generate_data.m
7 testing_mlp.m

g.m (Function)

G F4 Editor - /Users/apple/Desktop/Jiann-Ming Wu/2023-| NAB{E 5 #7/codes/demo_mlp_learning_M
' demo_mlp_learning_M_units.m < | testing_mlp.m 2| demo_plot2d.m | generate_data.m | ¢

1 function h = g(x1,x2)

= Cl=[11/2 -1/2]; %weight
sil= C2=[1/3 -1 1]’; %weight
= A = [x1 x2 ones(length(x1),1)];

i|= h = sin(A*C1)+cos(A*C2); %activation function
6 — end

<@ = 5 ol % 7/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-I| NABI{E %4 » codes » demo_mlp_learning_M_i

Current Folder
B Name &

®

%) demo_plot2d.m

) generate_data.m

] testing_mlp.m

¥4 Editor - /Users/apple/Desktop/Jiann-Ming Wu /2023 -1 NAB{E 55#T/codes/demo_mlp_learning
\' demo_mlp_learning_M_units.m | testing_mlp.m | demo_plot2d.m | generate_data.m

generate_data.... A
Workspace ®
Name 4 Value
FHwv S0x

i|= z=rand(300,2)*4*pi-2*pi;
2—-  y=9(z(,1),z(:,2));

3-  plot3(z(;,1),z(:,2),y,".);

4

5-  z_test=rand(300,2)*4*pi-2*pil

6 — y_test=g(z_test(:,1),z_test(:,2));

s figure

8 — plot3(z_test(:,1),z_test(:,2),y_test,'r.")

21



z; = (z(1,1), 2(i,2))! denotes an input y; denotes the correspondent output

1
C
3IM
z(i,1)
¢ -+ YO
C3pm—2
2(1,2)
Cap—1
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Approximating a target function
by solving a nonlinear system

2(i,1) — Y = cptanh(cixy + 6%, + ¢3) + cpptanh(cyxy + csx; + ¢g)
— V(@)

2(1,2) T 4+ cygtanh(cysxy + Cogky + C7) + Cygtanh(cygxy + CrgXy + C39) + 4

A Nonlinear

A Nonlinear Equation :
transformation

f(zylil, oli]) = ey tanh(c zi[i] + cy2,[i] + ¢3) + cyotanh(cyzy[i] + csz,[i] + ¢¢)

+ ...+ cgotanh(cyszi[i] + creoli] + ¢y7) + cyptanh(cygz [i] + cro2oli] + ¢39) + ¢4y = Y(1)

23



N =200

Nonlinear Equations

f(zi[1], 2[1]) = extanh(c,zi[1] + c,2[ 1] + ¢3) + cyptanh(cyzi[1] + c52,[ 1] + ¢¢)

+...+ C39fanh(C25Z1[1] + C26Z2[1] + C27) + C4Ofal’lh(C28Z1[1] + C29Z2[

f(zyli], pli]) = ey tanh(c zi[i] + cy2[i] + ¢3) + cyotanh(cyzy|i]

1]+ c39) + ¢4 = y(1)

+ 52 li] + ¢g)

+...+ C39tanh(C25Z1 [l] + C26Z2[i] + C27) + C40tanh(C28Z1 [l] + C29Z2[i] + C30) + Cq1 = y(l)

f(z4IN]1, ,[N]) = c3itanh(c,z;[N] + c,2[N] + ¢3) + cytanh(c,z;

N]+ 52| N] + ¢g)

+ ...+ cygtanh(cysz [IN] + 0[N + ¢97) + cyptanh(cygzi [IN] + cr92,[ N

24

+ ¢30) + ¢4 = Y(V)



testing data

z_test=rand(50,2)*2*pi-pi;
y _test=g2(z_test(:,1),z_test(:,2));

e [wo steps
 (Generate another uniform sample from the domain

e Substitute z_test(;,1) and z_test(;,2) to g to generate
y_test

e Substitute z_test(;,1) and z_test(;,2) to g_hat to generate
y_hat for approximating y_test

25



Zgest (@5 1)

Zrost(6,2)

Zgest(ls 1)

Zgest(1:2)
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goal of learning

Minimizing not only the training mean square error
but also the testing mean square error
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MLP(multilayer perceptrons)
learning and testing

1. MLP learning

e Train testing_mlp(x1, x2,c) to optimize c
subjecttodataz, vy

2. Let c_hat denote the learning result

3. Test testing_mlp(x1,x2,c_hat) by z_test and
y_test

28
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& % & @l = 0/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-1 NABI{E%4T » codes » demo_mlp_learning_M_units

—urrent Folder GOl F Editor - /Users/apple/Desktop/Jiann-Ming Wu/2023-| NAB{E %547 /codes/demo_mlp_learning_M_units/lea
I Name 4 +2 | demo_plot2d.m | generate_data.m | g.m | demo_mlp_learning_M_units.m | learning_mlp.m
%) demo_mlp_learning_M... i — . .

-%demo_plotZd.m 1 ~function F = learning_mlp(c,x1,x2,y,M)
*]lg.m .
8generate_data.m A= A= [X]- X2 OneS( ength(X]-), 1)]:

*] learning_mlp.m _ — o\

7 testing_mlp.m 3 F = C(end) Y

4—- || fori= 1M
Bl= F=F + c(3*M + i) * tanh(A*c((i-1)*3+1:i*3)"); %acti

6— end
)Jenerate_data.m (S... A 7= end
Vorkspace ®
lame 4 Value
dy 300x1 do
- y_test 300x1 do

29



A nonlinear system

function F = learning_mlp(c,x1,x2,y)
A = [x1 x2 ones(length(x1),1)];

end-

e Create a nonlinear function

e F = learning_mlp(c,x1,x2,y)

30



function F = learning_mlp(c,x1,x2,y)
A = [x1 x2 ones(length(x1),1)];

end.

e function learning_mlp is a nonlinear system
e adaptable parameters ¢ are unknown
e Set x1 to z(;,1), x2 to z(:,2) and y

e | et ¢ zero denote a zero where F Is close
to zero

e The output of g_hat(x1, x2,c_zero) well
approximates target y

31 ——




& = 5 ol = T/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-1 NAB{E% 47 » codes » demo_mlp_learning_M_units
¥% Editor - /Users/apple/Desktop/Jiann-Ming Wu /2023 -1 NAB{E 5#7/codes/demo_mlp_learning_M_units/demo_mlp_learning_...

-urrent... &
B Name &
) demo_ml...
' demo_plo...
) g.m
“| generate_...
] learning_...
) testing_...

jenerat... A

NVorkspace &

+2 | testing_mip.m

| demo_plot2d.m | generate_data.m | g.m - demo_mlp_learning_M_units.m L+

lame A

Hy
Hy_test
Hz

H z_test

function demo_mlp_learning_M_units()

syms C

z=rand(300,2)*4*pi-2*pi;

y=9(z(:,1),z(:,2));

plot3(z(:,1),z(:,2),y,".";

M = 40;

f = @(c)learning_mlp(c,z(:,1),z(:,2),y,M);
cO=rand(1,M*3+M+1)*2-1;

c_zero = fsolve(f,cO,options);

mae = mean(abs(learning_mlp(c_zero,z(:,1),z(:,2),y,M)));
fprintf("** mean absolute error for ap func g: %f\n',mae);

32



8 — cO=rand(1,M*3+M+1)*2-1;

Q- options = optimoptions('fsolve',/Algorithm’, 'levenberg-marquardt’)
10 — c_zero = fsolve(f,cO,options);
il = mae = mean(abs(learning_mlp(c_zero,z(:,1),z(:,2),y,M)));
2= fprintf("** training mean absolute error for ap func g: %f\n',mae);
13
lill= z_test=rand(300,2)*4*pi-2*pi;
151= y_test=g(z_test(:,1),z_test(:,2));
16 — mae = mean(abs(learning_mlp(c_zero,z_test(:,1),z_test(:,2),y_test,M)));
1= fprintf("** testing mean absolute error for ap func g: %f\n',mae);
18

Command Window

** training mean absolute error for ap func g: 0.009393
** testing mean absolute error for ap fung g: 0.029912

L
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Matlab Programming



% % Solving a nonlinear system for MLP learning, created by Jiann-Ming Wu
% Department of Applied Mathematics, National Dong Hwa University

%

% Using Matlab (R)

% 2018 dec. 3

% MLP learning is resolved by the Levenberg-Marquardt method

%

35



function demo_mlp_learning()
syms ¢ % adaptable parameters in an MLP network

% initialization
cO=...;

% preparation of training data

% uniform sampling

% Substitute to the target function g
z=rand(100,2)*2*pi-pi;
y=92(z(:,1),2(:,2));
plot3(z(:,1),z(:,2),y,".");

36



% Levenberg-Marquardt method
options = optimoptions('fsolve','Algorithm’, ‘levenberg-marquardt')

% specification of a nonlinear system for MLP_learning
f = @(c)learning_mlp(c,z(:,1),z(:,2),y);

37



% apply fsolve

% Verification of c_zero

c_zero = fsolve(f,c0,options);
sum(abs(learning_mlp(c_zero,z(:,1),z(:,2),y)))
end

38



% a target function
function h = g(x1,x2)

Cl=[11/2 -1/2]; %weight

C2=[1/3 -1 1]'; %weight

A = [x1 x2 ones(length(x1),1)];

h = tanh(A*C1l)+tanh(A*C2); %activation function
end

39



% a target function

function h = g2(x1,x2)
Cl=[11/2 -1/2]"; %weight
C2=[1/3 -1 1]’; %weight
A = [x1 x2 ones(length(x1),1)];

end.

40



% a nonlinear system for MLP_learning
function F = learning_mlp(c,x1,x2,y)

end

% An approximating function
function h = g_hat(x1,x2,c)

end

41



x1

X2

Neural Architecture:
Perceptrons 57304

1

N

3
M
¢ >Z_ %
Cy ' ' Z—

- . C3p+M
C3p—2
Cam+1
>
Cap—1

h = g h at(x 1.%2 C) g_hat is a parametric function
— ) )

c: adaptable parameters



. » apple » Desktop * Jiann-Ming Wu » 2022-1 NABEDHT » codes
Ei Editor - /Users/apple/Desktop/Jiann-Ming Wu/2022-1 NAB{EZ#T/codes/demo_mlp_learning_M_units.m

: demo_mlp_learning.m | demo_mlp_learning_M_units.m | demo_plot2d.m = | <+
1 %% Solving a nonlinear system for MLP learning, created by Jiann-Ming Wu
2 % Department of Applied Mathematics, National Dong Hwa University
3 %
4 % Using Matlab (R)
5 % 2018 dec. 3
6 % MLP learning is resolved by the Levenberg-Marquardt method
7 %
8 %]function demo_mlp_learning_M_units()
Iln PN, - 0. madamdalhTl A cmawmmamad A w-wa~ =m emam MIRN aad il

Command Window
as measured by the value OoT the Tunction tolerance, and

the problem appears regular as measured by the gradient.

<stopping criteria details>
~™ mean absolute error for ap func g 0.000000

ans =

4.4442e-21

Mean square error
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*x mean absolute error for ap func g 0.001100
ans =

1.9939e-06

Mean square error

44



