Solving a system of nonlinear equations

Newton’s method

Levenberg-Marquardt method



Outline

A system of nonlinear equations

Matlab toolbox: fsolve
fsolve by the Levenberg-Marquardt method
Newton’s method for nonlinear system solving
Updating rule
Matlab implementation



fi(x, %) = x7 + x5 — 1

function F = myfun(x)
F(1) = x(1)™M2 + x(2)™2-1;
F(2) = x(1)’\2 x(2)/\2

1 function F = myf ( )
2 - F(l) X(1)A2+x(2)A2-1;
cil= F(2) = x(1)A2-x(2)A2;




symbols




Inline Function




fsolve

x=fsolve(@(x) [x(1)"2+x(2)"2-1
x(1)"2-x(2)"2],[1 1])

filx,x) =x;+x—1=0
X = (X1, %) = x12 —x22 = (

0./0/1 0.7071



s1=x1"2+x2"2-1";
$2="x1"2-x2"2";

x1=sym('x1')

x2=sym('x2')
f=inline([sym(s1);sym(s2)]);
f(x(1),x(2))

ans

1.0e-11 *

0.2282




Jacobian

A=jacobian([str2zsym(s1);str2sym(s2)],[x1 x2]);

j=inline(A);
i(1,1) S 2
fi(x, %) = X; + x5 — 1
y)
A = Hr(x,x) = xi — x22

| 2*¥x1, 2*x2]
| 2*¥x1, -2*x2]



fsolve

i —(x1+x2)

e — X%, (1 + xlz) =0
xX1C08(x5) + x,81n(x;) — 0.5 =0

Write a function that computes the left-hand side of these two equations.

function F = root2d(x)

F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+
F(2) = x(1)*xcos(x(2)) + x(2)*sin(x(1)) -



function demo_fsolve o()
fun = @root2d;

X0 = |0,0];

X = fsolve(fun,xo)
root2d(x)

function F = root2d(x)

F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)"2);
F(2) = x(1)*cos(x(2)) + x(2)*sin(x(1)) - 0.5;
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df,

: dx.
N()nlmeal‘ SYStemS g MIMO: multiple input

Multiple output
A system of nonlinear equations

(X, X ey X))

Xy Xnaunn X
F (X, X550 X)) = S5 2 )

fn (X5 X5 geens xn)_
fi» f5,-.., f, are coordinate functions of F
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Example

3x, —cos(x,x;) —% =0

x; —81(x, +0.1)* +sin(x,) +1.06 =0

e " +20x, + %(l Ot -3)=0

14



myfun

function F = myfun(x)
F(1) = 3*x(1)-cos(x(2)*x(3))-1/2;
F(2) = x(1).722 -81*(x(2)+0.1).722+sin(x(3))+1.06;
F(3) = exp(-x(1)*x(2))+20*x(3)+1/3*(10*pi-3);
return

1
3x, —cos(x,x;) — 5= 0

x! —81(x, +0.1)* +sin(x,) +1.06 = 0

e " + 20x, +§(1 Ot —3)=0
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function demo_fsolve _1()
% problem setting
problem.xo = [0,0];

display('fsolve by levenberg-marquardt’);
options = optimoptions('fsolve',Algorithm’, 'levenberg-marquardt’)

FUN=@(x)root2d(x);
tic
x = fsolve(FUN,problem.xo,options);

toc
root2d(x) —e—xtx2)

e —x2(1+x12)=0

x1€08(x,) + x,5in(x;) — 0.5 =0

end

function F = root2d(x)

F@) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)"2); -
F(2) = x(1)*cos(x(2)) + x(2)*sin(x(1)) - 0.5; <stopping criteria details>
end ans =

1.0e-12 *

-0.1875 -0.0540




function demo_fsolve_2()

% problem setting
problem.xo=[0,0];

options = optimoptions('fsolve’)

FUN=@(x)root2d(x);

tic

x = fsolve(FUN,problem.xo,options);
toc

root2d(x)

end

function F = root2d(x)

F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)"2);
F(2) = x(1)"cos(x(2)) + x(2)*sin(x(1)) - 0.5;
end



Base

Levenberg-
Marquardt

Absolute sum of y

2.7894E-07

2.4147E-13

Mean: 2.78%4e-07/
Var: 2.1972e-14

Mean: 3.0549e-13
Var: 1.136%e-25




Example
2 2 2
X, +x, +x; =4
2x, —x, +x;, =1

X, +3x, —x; =3




2 | 3 w2 2\+.2
y = (a—Dbx{ +x7)*x{ +x1x, + (—¢ + cx7)x3)
Given a, b and ¢, find x that minimizes y

a=4;b=21;c=4;



To pass parameters using anonymous functions:
Write a file containing the following code:

function y = parameterfun(x,a,b,c)
y = (a-b*x(1)"2 + x(1)"4/3)*x(1)"2 + x(1)*x(2) + ...
(-Cc + c*x(2)"2)*x(2)"2;
Assign values to the parameters and define a function handle f to an
anonymous function by entering the following commands at the
MATLAB® prompt:
a =4; b=21;c=4; % Assign parameter values
X0 = [0.5,0.5];
f = @(x)parameterfun(x,a,b,c);
Call the solver fminunc with the anonymous function:
[x,fval] = fminunc(f,xo)



function demo_fsolve3()

% problem setting

x0 = [0,0,0];

options = optimoptions(‘fsolve','Algorithm’, 'levenberg-marquardt’)

display(fsolve by levenberg-marquardt’);

f = @roo3do:

’;ic= fsolve(f,x0,options); xlz + x22 + x32 = 4
JﬁggtSd(x,c) le _ xz + x3 — 1
end

function F = root3d(x,c) xl + 3x2 - x3 — 3
F(1) =c(1)*x(1)A2+ c(2)*x(2)A2+c(3)*x(3)A2-4;

F(2) =c(4)*x(1)+ c(5)*x(2)+c(6)*x(3)-1;
F(3) =c(7)*x(1)+ c(8)*x(2)+c(9)*x(3)-3;

end




Neural dynamics

x. = tanh(a; x), for alli

Thermal
Equilibrium

24
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Newton’s method -Tangent line
y=t(x)

Yo

slope = f'(x,) =




Updating rule

x : scalar —y f(Xn)
EVACS

X : vector

X, =X, -[J(x)['F(x,)

Newton Method

Advanced Numerical Computation 2008,
AAAAAA



Taylor series

Second order expansion at x= 1,
ATxH,(x)Ax

F(x+ AX) = F(x) + J(X)Ax + % A"xH,(x)Ax

Jacobi matrix

ATXHn(X)AX
B ~ Hessian matrix

X< X, AX<X-X,

_(X — Xn)TH1 (x,)(X—X,)
Fx)~ Fx)+Jx,)xX—Xx,) + % (x = x,)" Hy(X,)(X — X,,)

_(X — Xn)THn(Xn)(X —X,)

27



J(X)

Jacobi matrix

(X)) 9 (X)

of,(X)

X, 0x,
df,(x)  9f,(X)
0X, 0x,

o () of.(x)

ox,

df, (X)

_ 0Xx, 0x,

0x,

of. (x)

ox,



H(X)

Hessian Matrix

ERACYICIVACII

0x; 0x, 0x,

0" fi(x) Ifi(x)

0" fu(X)

ox, ox, 0x3

0" f,(x) 9f,(x)

0x, 0x,

0° 1. (x)

dx ox, 0x ox,

ox ox,

0" £,(x)

ox;




First order expansion

Set zero to
F(x)=F(x,)+J(X,)(Xx-X,)
F(x,)+J(x,)(x-x,)=0 = x=x,-J"(x,)F(x,)

X : vector

X, =X, -[J(x,)]'F(x,)



3x, —cos(x,x;) — % =0
N eWt()n’S x} —81(x, +0.1)* +sin(x,) +1.06 = 0
1
e +20x, +~(10m =3) =0
method 3

|
Xn+1 = Xn _[J(Xn)] F(Xn)
Ih(x) (X o I(x)

X, 0x, ox,
of,(x)  df,(x)  9,(X)
J(X)=| ox, 0x, 0x,

o o) %)

X, 0x, 0X

n
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Problem:
1. Find the second order Taylor
expansion of E(x;, x,, x;) in terms
of Newton-Gauss Hassian matrix

3
2
E(xy, %0, %3) = ) f2(x), %, X3)
=1



Try Newton-Gauss Hessian
3
2
E(x), %0, X3) = ) f70x), 2, %)
i=1

Find the minimum of E£(x, x,, x)



Assignment:

2. State the Newton-Gauss method
for solving a nonlinear system based
on the approximationin problem .



Flo

Ch art function x=Newton2(xo

ep=107(-6); x=rand(3,1)-0.5;
y=f(x(1),x(2),x(3)); it=0;

~ halting
condition

,$1,52,53)

symbols

init Inline function

Jacobian

X, =X, -J(x,) ] F(x,)
n=n+l

35



S1="3"X1-COS(x2*Xx3)-1/2’;

$2="X1"2 -81* (x2+0.1)"2+sin(x3) +1.06’;

s3=exp(-x1*x2)+20*x3+1/3*(10"pi-3)’;

X1=sym('x1’)
x2=sym('x2’)

x3=sym('x3’)

3x, — cos(x,x;) —% =0

x2 —81(x, +0.1)% +sin(x,) +1.06 = 0

e +20x, + %(1 O -3)=0




inline Function

f=inline([str2sym(s1);str2sym(s2) ;str2sy
m(s3)));

f(0,0,0) 1

3x, —cos(x,x;) — 5= 0

x; =81(x, +0.1)* +sin(x;) +1.06 = 0

e 1 +20x, + %(1 Ot -3)=0




Jaconian

A=jacobian([str2sym(s1);str2sym(s2) ;str2sym(s3)],[x1

X2 X3));
j=inline(A);
j(1,1,1)

J(X) =

(X)) 9 (X)

0Xx, 0x,
df,(x)  9f,(X)

0f,(x)

X, 0x,

00,00

ox,
df, (X)

0Xx, 0x,

0x

n

o, (%)

0x

n




s1="3*x1-cos(x2*x3)-1/2’;

s2=x1"2 -81*(x2+0.1)"2+sin(x3)+1.06’;
s3="exp(-x1*x2)+20*x3+1/3*(10*pi-3)’;
X1=sym('x1);x2=sym('x2');x3=sym('x3’);
f=inline([str2sym(s1);str2sym(s2) ;str2sym(s3

A=jacobian([str2sym(s1);str2sym(s2) ;str2sym(s3)],[x1 x2 x3]);
j=inline(A);




ep=107(-6); x=rand(3,1)-0.5;
y=1(x(1),x(2),x(3)); 1t=0;



while sum(abs(y)) > ep & it <100
x=x-1nv(j(x(1),x(2),x(3)))*y;

y=f(x(1),x(2),x(3))
1t=1t+1
end

X

~ halting
condition

X, =x,-[J(x)['F(x,)
n=n+1I




Problem sets

1
3xl—cos(x2x3)—§=0 x12 +x22 +x32 _4
x? =81(x, +0.1)% +sin(x;) +1.06 = 0 2x, =X, +x; =1
e +20x, +—(10mw =3) =0 X, +3x, —x; =3

3

T — —————————

——
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2. Write Matlab codes to
calculate the mean square error
of solving a nonlinear system




ol =1 T/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-| NAB{E %47 » codes »

¥4 Editor - /Users/apple/Desktop/Jiann-Ming Wu/2023-I NAB{E5'#7/codes/demo_newton2023.m

' myfun.m ' root2d_a.m | my_test.m ' demo_fsolve_0.m - demo_newton2023.m L+

11—  j(1,1,1)

12

1lell= ep=10A(-8); x=rand(3,1)-0.5;
lell= y=Ff(x(1),x(2),x(3)); it=0;

15|= while sum(abs(y)) > ep & it < 100

16 — X = X - inv(j(x(1),x(2),x(3))) * vy;
17 — y = f(x(1),x(2),x(3));
I18 — it=1it + 1;

Command Window

it: 1, abs sum ofy :0.7417431573
it : 2, abs sum of y :0.0820978432
it : 3, abs sum of y :0.0018912820
it : 4, abs sum of y :0.0000011021
it : 5, abs sum of y :0.0000000000



Try Newton-Gauss Hessian
3
2
E(x), %0, X3) = ) f70x), 2, %)
i=1

Find the minimum of E£(x, x,, x)

Unconstrained Optimization



Nonlinear systems

A system of nonlinear equations

(X, X ey X))

Xy Xnaunn X
F(X,X,5,0X, ) = ACE 22 )

fn (X5 X5 geens xn)_
fi» f5,-.., f, are coordinate functions of F
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Write codes to calculate
1
E(x) = — 2(x
(x) . Zi S (x)

for x derived by the Newton method



3. A. Derive the gradient of E(x) with respect to each x..

dE(x) )
dx; o
dE(x) . :
5.B. How to express y in terms of elementsin J(x),
x.

where J(x) denotes the Jacobi matrix.



OFE OF
Ax X — — Ax =|—n—.,n >0

ax ox

4. Express the rule used by the|gradient descent

method for minimizing the mean square error
E(x).

5. Write codes to implement the gradient
descent method for minimizing £(x).

gradient descent
method



Linear Transformation

x[t]— h[t] — AX[t]-I-b - y[t]




Nonlinear
transformation |

x| t]

%

i




Nonlinear
transformation 11

x| t]

i

Softmax: $
normalization Y[t]






Nonlinear
transformation 111

x| t]

h[t] = Ax[t]+b|* Plyle] = rTult] + 7,

ylt]




Nonlinear
transformations I-III are
all typlcal neural functions

YYYYYYY

-------------



Let y=f(x) denote a mapping realized by a deep neural network

f(x) = W3 x tanh(Ws x tanh(Wix))

where Wy, W5 and W3 denote matrixes, x denotes a stimulus vector and y
denotes an output vector. For example, x is a handwritten digit and y is a unit
vector for representing a label. Consider training and testing sets of MNIST.
Discuss how to train Wy, Wy and W5 by the Newton method.




3x, —cos(x,x;) —% =0

x; =81(x, +0.1)* +sin(x;) +1.06 = 0

e +20x, + %(1 Ot -3)=0

Try Newton-Gauss Hessian
|3
E(xla x29 x3) — 5 Z f;’z(xla x29 x3)
i=1

Find the minimum of E£(x, x,, x3)



3 E(xlaxza x3) —
dE df
r. — Zfi(x)d—
Aj i=1 Aj
X = [xl,xz, x3]T
T
gradient g(x) = [ fl» ii »---j—i ----- jTE]

NG-Hessian approximates

0°E dE dE

by ——
0x;0x;, dx; dx;,




NG-Hessian Matrix

dE
dx 1

dE
dX2

dE
dx

' dE dE

dx;’ dx,” "~ dx’

dE dE
*9
dx,
0X X, _ 1 0X,
axlaxz dxz
dx,x, dxx,
— X2
dx; dx,
(I’ fi(x) A )]
ox; 0x, 0x, ox, ox,
LX) L) LK)
0x, 0x, x; ox, 0x,
O ’f(x) °f,(x)  f,(x)
| Ox,0x,  Ox,0x, x>




The joint entry of the jth row and the kth column
of NG-Hessian Matrix is

dE dE
dx; dx,
T
Lot o — |4E dE dE dE
CVE= [ax>an, " ax, " dx,

denote the gradient and H denote NG-Hessian matrix

1
E(x+ Ax) = E(x) + g Ax + EAxTHAx



]
Set L(x) = E(x) + gAx + EAxTHAx =0

HAx = —¢

o —1 Newton-Gauss
Ax=—-H g method




J(X)

H(x) () (X))

0Xx, 0x, ox,
of,(x) I, (x) 9, (X)
0X, 0x, 0x,

oS ) o)

0Xx, 0x, ox,

g(1:3) = F*J(;,1:3)



J %0 T/ » Users » apple » Desktop » Jiann-Ming Wu » 2023-1 NAB{E 47 » codes »
% Editor - /Users/apple/Desktop/Jiann-Ming Wu /2023 -1 NAB{E 517 /codes/demo_NG_Newton.m*

' myfun.m \ root2d_ am \ my test.m | demo fsolve Om . demo_newton2023.m - demo_NG_Newton.m*
14 — y= f(x(l) x(2) X(3)); it= O

11515 while sum(abs(y)) > ep & it < 100 Newton- Gauss

16 - g =y *j(x(1),x(2),x(3)); method

1l771= H = transpose(g) * g;

18 — delta_x = -inv(H) * g;

19 % X = x - inv(j(x(1),x(2),x(3))) *vy;

20 o N

= y = f(x(1),x(2),x(3));

A= it=it + 1;

23 — fprintf(' it : %d, abs sum of y :%12.10f\n ', it, sum(abs(y)))
24

25 end

2A



AX

—(H+ D)™ 'g

Levenberg-Marquardt
method




alpha

B E(x) — E(x + Ax)
- E(x) — L(x + Ax)

s X

o E(x) — L(x+ Ax) = E(x) — (E(x) + gAx + %AxTHAx)

L7
. — gAx — EAX HAX)

Actual cost reduction

Predicted cost reduction




Ax =— (H+ A7 g

A

improve efficiency

v

Force to
Newton-Gauss
method




Improve reliability

v

Force to
gradient
method




[Heuristic aaaption

(a) If @ > 0.75, A « 0.5\

(b) If & < 0.25, XA — 2.




Initialize x, set A

exit

~ halting cond

Calculate

Calculate

calculate @

\4

| & 0.75

<0.25

A=0.5" A

=2\




Rejection

e If E(x) < E(x+ Ax), move to x + Ax is rejected

e Define matlab function to calculate E(x)

e Define matlab function to calculate a



Implement the LM method for solving a nonlinear system
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%) test2_my_kmeans.m

%) test2_kmeans.m 34 — end
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&) sudoku_matlab.m 36 - lambda = lambda * 2;
% sampling_Q_Sur.m 37 q
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£)g_hat_CNN.m it : 299, lambda 2.000000 abs sum of y :0.0084218599
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#) drawSudoku.m

£] det_bareiss.m it : 300, lambda 1.000000 abs sum of y :0.0083547997

#) demo_sudoku.m

#] demo_quadprog.m

’9(_'] demo_QSur_Fitting20...

) demo_plot2d_2022.m X =
) demo_plot2d.m
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