Quadratic surface fitting



Q surface:
X7+ XXy + X5
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Q surface:
X7 — XXy + X5
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function plot_Q_surface(ss)
% sS = "X1.M2+X1.*x2+x2."2"
f = inline(ss);
X1 = -pi:0.2:pi;
X2 = XI;
for i =1:length(x1)
y = f(x2,x1(i));
C(,:) =y;
end
mesh(x1,x2,C);

>> §§ = "X1.M2-X1.%x2+x2.72";
>> plot_Q_surface(ss)




)-Surface sampling



Q surface:
3x — 1.5xx) — 2x3

>> §§ = "3%x1.72-1.5%x1.%x2-2%x2.72";
>> plot_Q_surface(ss)
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) surface:
xlz — 1.5xx, — 2x22 +x; —2x,+4

>> §S = "3%kX1.M2-1.5%X1.%X2-2%X2."2+X1-2%x2+4";
>> plot_Q_surface(ss)
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function [x y] = sampling_Q_Sur(ss)
% sampling
% ss = "3*x1.72-1.5"x1."x2-2*x2./2+x1-2*x2+4";
N = 200;
d=2;
X = rand(d,N)*4*pi-2*pi;
noise = rand(1,N)*0.2-0.1;
f = inline(ss);
y = 1(x(1,2),x(2,3));
Yy =V + hoise;



>> §5 = "3I%kX1.72-1.5%X1.%kX2-2%X2."2+Xx1-2%x2+4";
>> [x,y] = sampling_Q_Sur(ss);
>> plot3(x(1,:),x(2,:),y,"'.")




) surface fitting:
Givenxandy, find
coeflicients



) surface coefficients:
C1x12 + CHr XXy + C3x22 T CyX| T CsXy +Cq =y

A 3D point: (x;[i], x,[], y[i])




Substitute
(xl [l]9 xZ[i]a y[l])

to Q Surface

Linear constraint:

clxlz[i] + Coxq 1] [1] + c3x2[i]2 + ¢ x 1] + esxli] + ¢ = yli]

=



All Linear Constraints

e X711 + oo [116[ 1] + c36[11% + ¢4 [1] + csx,[1] + ¢ = y[1]

X7 [2] + 01 [216[2] + ¢36,[217 + ¢4x[2] + ¢sx5,[2] + ¢ = y[2]

clxlz[i] + x| 1] + c3x2[i]2 + ¢ xlt] + esx 1] + ¢ = yli]

clxlz[N] + x|V ]x%,[N] + c3x2[N]2 + X [N] + 5[N] + ¢ = y[N]



I'ind the best
C1s Coy .+ v 5 Cg



Matrix Form



X 1]+ ox (115011 + e[ 11 + ¢4x; [1] + esx,[1] + ¢ = yI[1]
X2 2] + % [21x,[2] + c3x2[2]2 + ¢4x,[2] + c5%,[2] + ¢ = y[2]

ey x2[il + cox [ix,[i] + e3x,[i1* + cgxy[1] + esxlil + g = il

X2 [NT+ %, [NTx[N1 + ¢5%,[N1* + ¢4, [N] + cs%[N1 + ¢ = Y[N]

21 [ o1 x[1] ol 1 | ¢l=

21 216021 5217 x[2] x[2] 1 ¢, = y[2]

] x ol xl* x] xl] 1] | o=yl

xlz[N] XN x| V] xz[N]2 xIN] x[N] 1 e | = YIV]



x2[1]

x7[2]

xii]

X7 [N]

Xc=Y

11611 x[117 x[1] x[1] 1

21621 %1217 x[2] x[2] 1

[0 017 xli] x[] 1

X [NIIN] %[N)? x[N] x[N] 1

= y[1]

= y[2]

= y[V]



x[1]
x{[2]

x7[i]

x7[N]

x (116011 x[11% x[1] x[1]
x[216[2] %27 x[2] x[2]

x [l %[° x[i] xli

x[NI,[N] %[N x[N] x,[N]

1
1

1

1




FormmatrixXandY



Xis notinvertible
Apply pseudo inverse to solve ¢

X:NX6
Y:NXx 1
c:6 x1

¢ = pinv(X)*Y



XTffc _
= XY

ot —
— In
(X I'x )
XT
Y




Find Y

Vo

Y = Xc = XX'X)"' XY




Find mean square error
mean((Y-Y).”2)




Exercise 10.19



= s

Q Surface Fitting

1 function [Y_hat, c]=QS_fitting(x,yv)
2- X =1[];
3 - X=[X transpose(x(1,:).72)];
[Input xand y 4- | X=IX transpose(x(1,:).%x(2,:))]
Form matrix X and Y
Find c c = inv(X' X)Xy
Find Y =Xc = XXTX)" XY
Find mean square error mean squarc €rror
mean((Y-Y).”2)

Plot surface



$$ ="3"X1."2-1.5"x1.*°x2-2*x2.” 2+x1-2*x2+4"

plot_Q_surface(ss)
[x y] = sampling_Q_Sur(ss)
ly_hat, c]=QS_fitting(x,y);
mean((y_hat-y')."2)

C'

ans =

2.0990 -1.4998 -1.0999 0.0996 -1.0992 4.0004




ss = "x1+x2-0.5"

plot_Q_surface(ss)

[x y] = sampling_Q_Sur(ss)
ly_hat, c]=QS_fitting(x,y);
mean((y_hat-y')."2)

-0.0005 -0.0005 -0.0005 1.0020 1.0034 -0.4889




ss = "x1."2+x1.*x2+x2.”2"

plot_Q_surface(ss)

[x y] = sampling_Q_Sur(ss)
ly_hat, c]=QS_fitting(x,y);
mean((y_hat-y')."2)



ss = "'sin(x1+x2)"

plot_Q_surface(ss)

[x y] = sampling_Q_Sur(ss)
ly_hat, c]=QS_fitting(x,y);

mean((y_hat-y')."2)

>>

mean((y_hat-y')."2)

ans

0.4690

Unacceptable




