
Conjugate Gradient 
Method
Large scaled linear system



• Input:  linearly independent set of vectors in : 
, 


• Output: generate an orthogonal set, 


•  spans the same  subspace of  as  

ℝn

S = {v1, …, vk} k ≤ n

S′￼ = {u1, …, uk}

S′￼ k − dimensional ℝn S

Input and Output
The Gram–Schmidt process



Gram-Schmidt algorithm



 function U = gramschmidt(V) 
    [n, k] = size(V);
    U = zeros(n,k);
    U(:,1) = V(:,1) / norm(V(:,1));
    for i = 2:k
        U(:,i) = V(:,i);
        for j = 1:i-1
            U(:,i) = U(:,i) - (U(:,j)'*U(:,i)) * U(:,j);
        end
        U(:,i) = U(:,i) / norm(U(:,i));
    end
end



 V = [3 2;1 2] 
 U = gramschmidt(V) 
 U = 
 
    0.9487   -0.3162 
    0.3162    0.9487 
 
  



Solve linear system





• Let 


•  for k = 1, 2,…


• 


• Proof : by induction!   


•  When k = 1, 


• Assume when k = i,  are pairwise conjugate


• We need to show  for all  
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uk = vk − ∑
j<k

ut
j Avk

ut
j Auj

uj

ut
j Au, = 0,0 ≤ m < j ≤ k

u1 = v1 −
ut

0Av1

ut
0Au0

u0
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Show by induction



The CG algorithm
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• Let 


•  for k = 1, 2,…


• 


• Proof : by induction!   


•  When k = 1, since ,   


• Assume when k = i,  are pairwise conjugate


• We need to show  for all  
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p1, . . . , pi

pi+1Apm = 0, m ≤ i

Show pairwise conjugate by induction





Derivation I 

Let   xk = xk−1+αk pk, xk =
k

∑
i=1

αipi
EQ 2



Derivation II

Recursive Form :


rk+1 = b − Axk+1 = b − A(xk + αk pk)

  = = b − Axk − αkApk rk − αkApk EQ 3

Current negative 
gradient



Derivation III

Let pk+1 = rk+1 + βk pk EQ 4

pT
k+1Apk = rT

k+1Apk + βk pT
k Apk



Nominator
denominator

EQ 5

= rt
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https://en.wikipedia.org/wiki/Conjugate_gradient_method




https://www.mathworks.com/matlabcentral/fileexchange/22494-conjugate-gradient-method


Experiment I. Left division



Experiment II


















