
Gradient, Jacobian and 
Newton-Gauss Hessian



E(x1, x2, x3) =
3

∑
i=1

f2
i (x1, x2, x3)

g(x) =
dE
dx

=

dE
dx1

dE
dx2

dE
dx3

x =
x1
x2
x3

F(x) =
f1(x)
f2(x)
f3(x)

E(x) =
3

∑
i=1

f2
i (x)



• Expand  to a linear form at 


• Let , where 

fi(x + Δx) x

fi(x + Δx) ≈ fi(x) + ϕT
i (x)Δx ϕi(x) =

dfi(x)
dx

J(x1, x2, x3) =

df1
dx1

df1
dx2

df1
dx3

df2
dx1

df2
dx2

df2
dx3

df3
dx1

df3
dx2

df3
dx3

=
ϕT

1 (x)
ϕT

2 (x)
ϕT

3 (x)

E(x) =
3

∑
i=1

f2
i (x)

E(x + Δx) =
3

∑
i=1

f2
i (x + Δx) ≈

3

∑
i=1

( fi(x) + ϕT
i (x)Δx)2



E(x + Δx) =
3

∑
i=1

f2
i (x + Δx) ≈

3

∑
i=1

( fi(x) + ϕT
i (x)Δx)2

=
3

∑
i=1

( f2
i (x) + 2fi(x)ϕT

i (x)Δx) + (ϕT
i (x)Δx)2)

=
3

∑
i=1

f2
i (x) + 2

3

∑
i=1

fi(x)ϕT
i (x)Δx +

3

∑
i=1

(ϕT
i (x)Δx)2



E(x + Δx)

≈
3

∑
i=1

f2
i (x) + 2

3

∑
i=1

fi(x)ϕT
i (x)Δx +

3

∑
i=1

(ϕT
i (x)Δx)2

E(x) =
3

∑
i=1

f2
i (x) 3

∑
i=1

(ϕT
i (x)Δx)2 =

3

∑
i=1

(ϕT
i (x)Δx)T(ϕT

i (x)Δx)

=
3

∑
i=1

(ΔxTϕi(x))(ϕT
i (x)Δx)

= ΔxT(
3

∑
i=1

ϕi(x)ϕT
i (x))Δx

2
3

∑
i=1

fi(x)ϕT
i (x)Δx

= (2
3

∑
i=1

fi(x)ϕT
i (x))Δx



2
3

∑
i=1

fi(x)ϕT
i (x)Δx

J(x1, x2, x3) =

df1
dx1

df1
dx2

df1
dx3

df2
dx1

df2
dx2

df2
dx3

df3
dx1

df3
dx2

df3
dx3

=
ϕT

1 (x)
ϕT

2 (x)
ϕT

3 (x)

= 2 [f1(x), f2(x), f3(x)]
ϕT

1 (x)
ϕT

2 (x)
ϕT

3 (x)
Δx

x =
x1
x2
x3

F(x) =
f1(x)
f2(x)
f3(x)

= 2FT(x)J(x)Δx



E(x + Δx) ≈ L(x + Δx) = E(x) + gT(x)Δx +
1
2

ΔxTHΔx

gT(x) = 2FT(x)J(x)

g(x) = 2JT(x)F(x)

H(x) = 2
3

∑
i=1

ϕi(x)ϕT
i (x)


