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LARGE SCALED DATA
CLUSTERING

Large scaled data

Parallel and distributed processes
Expectation Maximization
K-means

Hierarchical clustering models

Codes : annealed K-Means, Annealed EM

Numerical ssmulations



IMAGES AND SOUNDS

Facial images

* http://www.face-rec.org/databases/

Hand-writing character images

MFCC features of speeches
* https://sounds.bl.uk/



http://www.face-rec.org/databases/
https://sounds.bl.uk/

Natural images

* https://www.istockphoto.com/

* http://deeplearning.net/datasets/

Medical images

Art Images https://www.pexels.com/search/art/


https://www.istockphoto.com/
http://deeplearning.net/datasets/
https://www.pexels.com/search/art/
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Membership to a cluster
Exclusive or overlapping Mahalanobis

Distance

Pr(x) = P(x|yg, Ay)
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WHY CLUSTERING

* (Generative models Gaussian mixtures
@ p(x | ysA,) Many local
means
@ S )\)_‘
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Fig. 1. The generative model.
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A block for 10x10 cortical points of a natural elastic net
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data_gen m

] Clear all
L=l
ja(l,:)
a2y
St

inspace(-3,5,L.);

3
e
1
e
h
e

(

ja< ’

1 X=[];

tfor 1—=1:L

I or =1L

for k=1:L

center=[a(l,1) a(2,j) a(3,k)]; :
Xi=randn(20,3)*0.15+ ones(20, 1)*Center
X=[X:Xi]; |

nspace(-3,5,L.);
inspace(-3,5,L.);

end
[ cnd
lend

plot3(X(;,1),X(:,2),X(:,3),";



PARALLEL AND 3
DISTRIBUTED PROCES
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CRITERIA

High-dimensional data: sub-images
Large-scaled data: ten millions patterns

High Speed: parallel and distributed processes
Accuracy, High Quality
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Exclusive Membership
5=[0100000]=e]

=[0909”'9091909”'9090]
pos 12---k-1.k,k+1,---,K

* A vector of K binary values

* Only one active bit among K bits

* 'T'he kth bit 1s active and the remaining bits zeroes



STANDARD BASIS

5[t] = {61 ..... 67}, 5[t] — 62 1ff
x|t| 1s generated by the 2th pdf

E e {ef,...,ef,...,eg}

[{I€EE=1{e , e, ek}
8[t]=¢, <= X[ ]1s generated by the kth pdt
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[. The generative model.

{elK,...,eK,... ef}

* < x[t]is generated by the kth pdf

K-means:
recover exclusive memberships

x|[1]
x[ N



CLUSTERING

x[t]| tor all t

snput

olt] for all t

* output

1

K
nm=

tylm]}

» Representatives or local means

XX X X X

Xx XxX

XX X X%

X XX X X

XX % XX




Pr(S; = ellf) o exp(-p || X; -y, Hz)
§Pr<§i=e5>=1 s

Pr(S; = ellf) =7



PROBABILISTIC
MEMBERSHIPS

Pr(S; = GE) o exp(-p || X; -y, Hz)
ipr(gi =611<<)=1

Pr(S; = ellf) =7



Pr(S; = 611(() =Cexp(-p || X; -y, Hz)
CZ exp(-BIx; -y, I') =1
|

-

K

Z exp(-p || X; -y, Hz)

=]

Pr(&, = ellf) o KeXP('ﬁ | X -y, Hz)
Z exp(-p || X; - ¥, ||2)

=1



EXPECTATION

K 2
Pr(S; =ey ) xexp(-p || X; -y, )
* Consider an exclusive membership as a random

vector

* Assumption of probability

* Expectation <§z> -2y



<§l> - ;Pl’(gi =€, )e; = ; i i B
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EXPECTATION

K

exp(-B I x; -y, )

exp(-p || X; -y, ") e,

=]

exp(-B | x; -y, |I")

K

\Z exp(-B 1%, -y, |I*)

K

exp(-F || X; - ¥, ||2)

k

exp(-B || x; -y I")

Sao, <

> expAlx -y )

=]
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EXPECTATION EQUATION

i = <§1k> i Pr(gi L eII{() & Kexp(_/j H .61 =V ik Hz) (El)
Z exp(-B 1 % -y, ")

EEM: expectation maximization



EXPECTATION

MAXIMIZATION Vahalanobis

A=I

E@E,Y) = iigz‘k(xi _Yk)T(Xi =¥

=l

A: pdt
(% yk)TA(xi — )
* The distance between x|[t]| and 1its representative 1s
minimized.

* Mathematical modeling

One and only one active bitin [Sifs- -5 S - - -5 Sikl
Inner summation contains one non-zero term at most



E(S,Y) = ﬁgék(xz _yk)T(Xi .

EM minimizes E({£),Y) directly with respect to
all Yy,




MAXIMIZATION
(MINIMIZATION)

B )= 3 D 5% -3 (x, -3




EM FORMULA

S = <§k> Pr(g =e} ) L eXp(_/)) H X5 YT ”2) (El)
Z exp(-B 1 x; -y, [I")




VWHILE-LOOPING

Initialize vy, tor all 1k
Initialize y, for all k
'
Execute EM tormula




Sigma is diagonal
SharedCovariance = true

Sigma is full
SharedCovariance = true

5
1
2
3] . 4
- 3
*
-
2



https://www.mathworks.com/help/stats/clustering-using-gaussian-mixture-models.html

B girishvjoshi / EM-Clustering ' Public 2\ Notificati

<> Code (©) Issues i Pull requests (> Actions i Projects 0 wiki @ Security |~ Insi

¥ master ~ ¥ 1branch 0 tags Go to file

girishvjoshi moved the file to new folder 3ab5b8f on 5 Oct 2018 ) 6 commits
B ©EM moved the file to new folder 3 years ago
[ EM_main.m Update EM_main.m 4 years ago
[ README.md Update README.md 4 years ago
README.md

EM-Clustering

This Code Implements Expectation-Maximization Algorithm in Matlab

—a s — . —


https://github.com/girishvjoshi/EM-Clustering




Searched for expectation maximization

Gaussian Mixture Models - Cluster based on Gaussian mixtu
Expectation-Maximization algorithm
Documentation > Statistics and Machine Learning Toolbox > Clus

Cluster Analysis - Unsupervised learning techniques to find
patterns in data
Documentation > Statistics and Machine Learning Toolbox



Clustering by K-Means
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X1=
X2=
X=[[;
fori=1:5

for j=1:5

X=[X;rand(100,2)*0.25+[ones(100,1)*x1(i) ones(100,1)*x2(j)]];

end

end

plot(X(:,1),X(:,2),".");

nold on;

cidx, ctrs] = kmeans(X,25);
plot(ctrs(:,1),ctrs(;,2),ro");
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K=09;
x1=linspace(-1,1,K);
x2=linspace(-1,1,K);
X=[];
fori=1:K
for j=1:K
X=[X;rand(100,2)*0.15+[ones(100,1)*x1(i) ones(100,1)*x2(j)]];

end
end

plot(X(:,1),X(:,2),".");

hold on;

[cidX, ctrs] = kmeans(X,K"2);
plot(ctrs(:,1),ctrs(:,2),ro’);




1.5

. e
s b, o
3

oKE,

O3,

-0.5




data_gen2.m

% Created by Jiann-Ming Wu on 10/23/18.
L=6;
a(1,:)=linspace(-6,6,L);
a(2,:)=linspace(-6,6,L);
a(3,:)=linspace(-6,6,L);
X=[]; Y=[];
fori=1:L

for j=1:L

for k=1:L
center=[a(1,i) a(2,j) a(3,k)];

Xi=randn(20,3)*0.15+ ones(20,1)*center;
X=[X;Xil;
Y=[Y;center];

end
end

end
A=eye(3)+randn(3,3)*0.1;
X=X*A;
plot3(X(:,1),X(:,2),X(:,3),".");
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% Created by Jiann-Ming Wu on 10/23/18.
L =6;
a(1,:)=linspace(-6,6,L);
a(2,:)=linspace(-6,6,L);
a(3,:)=linspace(-6,6,L);
X=[1; Y=[1;
for i=1:L
for j=1:L
for k=1:L
center=[a(1,i) a(2,j) a(3,k)];
Xi=randn(20,3)*0.15+ ones(20,1)*center;
X=[X;Xi];
Y=[Y;center];

end
end

end
A=eye(3)+randn(3,3)*0.1;
X=X*A;
plot3(X(:,1),X(:,2),X(:,3),".");
hold on

[cidX, ctrs] = kmeans(X,LA3);
plot3(ctrs(:,1),ctrs(:,2),ctrs(:,3),ro0");
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function demo_my_kmeans()
x1=linspace(-1,1,5);
x2=linspace(-1,1,5);
X=[;
fori=1:5
for j=1:5
X=[X;rand(100,2)*0.25+[ones(100,1)*x1(i) ones(100,1)*x2(j)1];
end
end

plot(X(:,1),X(:,2),'0.");

hold on;

Y = my_kmeans(X,25);

plot(Y(:,1),Y(:,2),r0");
end



function Y=my_kmeans(X,M)
mean_X = mean(X);
N = size(X,1);
Y = ones(M,1)*mean_X + rand(M,2)*2-1;
change = 1; ep = 10.7-6;
while change > ep
D=cross_dis(X,Y);
[xx,v]=min(D");
dis = ];
for i=1:M
ind=find(v ==i);
if length(ind) >0
Y_new(i,:) =mean(X(ind,:));
dis = [dis xx(ind)];
else
Y_new(i,:) = rand(1,2)*2-1;
end
end
change = mean(mean(abs(Y-Y_new)));
fprintf(‘change %f dis %f \n',change, mean(dis));
Y=Y_new;
end
end



function D=cross_dis(X,Y)
K=size(Y,1);N=size(X,1);
A=sum(X."2,2)*ones(1,K);
C=ones(N,1)*sum(Y.A2,2)";
B=X*Y";
D=sqgrt(A-2*B+C); Iy ‘

 D=anAZTB0) for1

b)
=
—.
1
~ 7,

D(i.j) = norm(X(L:).Y (.

Dj=(x;—y) (5 =y) =x"x—2x'y;+y'y,



X=rand(10000,10);

Y = rand(100,10);
K=size(Y,1);N=size(X,1);
tic
A=sum(X.*2,2)*ones(1,K);
C=ones(N,1)*sum(Y."2,2)";
B=X*Y";
D=sqrt(A-2*B+C);

tl = toc

tic

for1 = 1:10000
for j = 1:100
D2(1)) = norm(X(1,:)-Y(},:));
end
end
t2 = toc

sum(sum(abs(D-D2)))



K-MEANS

» Consider fixed local means, y, for all &
* Determine exclusive memberships for each data

e Minimize

E=) & |x-n]|’
k

zkfik =1
fik = {091}



ASSIGNMENT

E=) & |x-%|’
k

» is minimized by simply assigning one to ;i

w1y closest o Vi



ASSIGNMENT

x; Is closest to Yy

* 1S equivalent to

|| Ai = Vi

= mim, || Xi — Yk ||



ASSIGNMENT

* x; 1ssimply assigned to a cluster whose
representative 1s closest to Xx;



[ X — Ve || = miny || X — Y ||
. : D=cross_dis(X,Y);
* 1S equivalent to [xx.v]=min(D");

P = argmkin | X% — i |



PARTITION AND UPDATING
K-MEANS

Se = X186 = el Sy =1}

 Partition the whole data set into K non-

overlapping subsets o
: et : ind=find(v == i);
* X; 18 partitioned to St 1t 5,- = it length(ind) > 0

Y_new(i,:) =mean(X(ind,:));
dis = [dis xx(ind)];
else
Y_new(i,:) = rand(1,2)*2-1;
end
end



UPDATING K-MEANS

1
s 2%

lESk

» Recalculate the mean of elements in 9y

Y_new(i,:) =mean(X(ind,:));



VWHILE-LOOPING

Initialize Yk for all k

{

>@

Assign &, for all 1

Partion X to 9, fork=1,...K
Set Yk to the mean of 3, for each k



Synchronous update:
All centroids are
updated at the same time



ANNEALED EXPECTATION
MAXIMIZATION

. 1.Set f to a sufficiently low value
Ma}.lalanobls ol
Distance

| |
N Nzx[t]a Vk[t] o E

2. E step :update v using (E1)
3.M step :update y using (M1)
update A using (M2)

|
47 — v [t = 0.98, halt
NEZ kl[]

else f < 0.98 5, goto step 2




- Set S to asufficiently low value = ronngrameesimensi

mean_x = mean(X);
B=0.1;stability=1/K;
Y=rand(K,d)*0.2-0.1+ones(K,1)*mean_x;

1 HC=0; Q=ceil(rand(N,1)*size(Y,1))";
= [t], v [t]=—
Yi PR IRAL -
N t if stability < 1/K*2

Y=Y +rand(K,d)*0.02-0.01;
end

ol , D=cross_dis(X,Y);
B U= exp(-B*D);
S=sum(U,2);
ind_zero=find(S < ep);
S(ind_zero)=10A-6;
n_empty_node=length(ind_zero);
Q=U./(S*ones(1,K));
stability=mean(sum(Q.A2,2));
E=mean(sum(Q.*D.A2,2));

stability=stability*K/(K-n_empty_node);
for k=1:K
a=sum(Q(:,k));
b=sum(X.*( Q(;,k)*ones(1,d)));
ifa>0
Y(k,:) = b/a;
end
end
if stability > 0.98
HC=1;
end
B=B/0.995;
end

| . . E step :tupdate v using (E1)
‘M step : update y using (M1)




EM FORMULA

Vik

'

<'§1k> — Pr(&, = ellf) s KeXP('ﬁ | X; -y, Hz) (E1)
Z exp(-p || X; - ¥, J”z)

D=cross_dis(X,Y);
S=sum(U,2);
ind_zero=find(S < ep);
S(ind_zero)=10A-6;
n_empty_node=length(ind_zero);
Q=U./(S*ones(1,K));



DERIVATION FROM FREE
ENERGY



Standard basisiSE =

Pr(s[1] = ) = —PLLLILD e, = [1,0,0]

N exp(pfu,[t]) e, = [GIR0]
; 63 — :09091:

Expectation of §[¢] = Z e, Pr(d[t]=¢e;)

Entropy of 0[] = —g Pr(8[t]=e¢, ) InPr(d[t] =€, )



Pr(dir] = &) = P (5 10)
}jexp(/a’u,-[t])

Ji=l

H, = Entropy of o[ Z Pr(8[t]=e, ) InPr(8[t] =€, )

K

Z v [t1(Bu, (1] lnEexpwu D)
y vk[r]uk[mka[z]ln_Eexp(ﬁu,.[r])



FREE ENERGY

* A combination of Mean Energy and Negative
Entropy



- (E®))-— H(3)

p

~ E({81 }——EH(&

Derived based on
Kullback - Leiberg(KL) divergence

=) /32\/,{ [t [1 +1nEexp(/)’u D



MEAN FIELD EQUATIONS

ok ok

= (), =0,Vk,t
v, [1] du, |t}
ult]=- 2587 ;
v, |?]
Vk [t] i eXp(/))uk [t])

Y exp(Bu,[1])

J



FREE ENERGY

L(ﬁa yaA) i ZLk
=lz 5, [t1(x[t]-y,) A(x[t]-y )—Elog\A\
22 2% : -

F(v,u,y,A)

R A+ ) ) v [ li]

—%Elnzexp(ﬁu 1)

J



ok ok

= (), =0,Vk, 1t
v, |?] du, |t}

OF _dL(y|v.A)
ay dy,

-0, (Ml)
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LARGE SCALED DATA
CLUSTERING

Cross Distance
Parallel and distributed codes of Cross distances
Hierarchical clustering models

Codes : annealed K-Means, Annealed EM

Numerical ssmulations



function D=cross dis(X,Y)
K=size(Y,1);N=size(X,1):
A=sum(X.A2,2)*ones(1,K);
C=o0nes(N,1)*sum(Y.A2,2)":
BEXEY

D=sqgrt(A-2*B+C);

x—y'x—y)=xlx—-2xTy+yly



CASE 1

dimension = 3
2500 data points
125 centers

cross distances between data points and centers

25 00x125



e e

| Clear all
L.=5;
la(1,:)=linspace(-5,5,L);
a(2,:)=linspace(-5,5,L);
{a(3,:)=linspace(-5,5,L);
EX=(]; Y=[];
ifor 1=1:L.
I ior =1L
for k=1:L
center=[a(1l,1) a(2,j) a(3,k)];
Xi=randn(20,3)*0.15+ ones(20, 1)*center
X=[X;Xil;
= .center];

end
 end
end

Plot3(X(:,1),X(:,2),X(:,3),".);
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D=cross_dis(X,Y);
>> size(D)
ans =
2500 8
>> tic;D=cross_dis(X,Y);toc

Elapsed time 15 0.046284 seconds.



function [Y Q]=annealed_kmeans2(X,K)
[N d]=size(X);
mean_x = mean(X);
B=0.1;stability=1/K;
Y=rand(K,d)*0.2-0.1+ones(K,1)*mean_x;
HC=0; Q=ceil(rand(N,1)*size(Y,1))"
ep=10A-10;
while ~HC
if stability < 1/K*2
Y=Y+rand(K,d)*0.02-0.01;
end
D=cross_dis(X,Y);
U= exp(-B*D);
S=sum(U,?2);
ind_zero=find(S < ep);
S(ind_zero)=10A-6;
n_empty_node=length(ind_zero);
Q=U./(S*ones(1,K));
stability=mean(sum(Q.A2,2));
E=mean(sum(Q.*D.A2,2));
stability=stability*K/(K-n_empty_node);
for k=1:K
a=sum(Q(:,k));
b=sum(X.*( Q(;,k)*ones(1,d)));
ifa>0
Y(k,:) = b/a;
end
end
fprintf('B %f sta %f E %f n %d\n',B,stability,E,n_empty_node);
if stability > 0.98
HC=1;
end
B=B/0.995;
end
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Figure 13. Convolution of two high-dimensional 3D filters.



CASE 2

dimension = 13

data points 1993000

centers 12000

X= rand(198000,13); Y=rand(12000,13);



* X=rand(199800,13); Y=rand(12000,13);

* tic;D=cross_dis(X,Y);toc

Error using _*_

Requested 199800x10000 (14.9GB) array exceeds maximum
array size preference. Creation of arrays greater

than this limit may take [a long time and cause MATLAB

to become unresponsive. See array size limit or

preference panel for more information.

Error in cross dis (line 3)
A=sum(X.A2,2)*ones(1,K):




BATCHES

X= rand(100*4000,13); Y=rand(12000,13);
x_batch =4000; y_batch=4000;
x_batch_num = 100*4000/x_batch;
y_batch_num =12000/y_batch;
lsphi=tlscibatch num
XX{1}=X(1+(1-1)*x_batch:1*x_batch);

end

for j=1:y_batch_num

M =Y (H(]=1 *x batchy*x batch);

end



D = zeros(x_batch_num,x_batch,y_batch);

for i=1:x_batch_num
D(i,:,:)=zeros(x_batch,y_batch);

end

parfor i=1:x_batch_num
D(i,:,:)=cross_dis(XX{i},YY{1});

end



IMAGES AND SOUNDS

Facial images

* http://www.face-rec.org/databases/

Hand-writing character images

MFCC features of speeches
* https://sounds.bl.uk/



http://www.face-rec.org/databases/
https://sounds.bl.uk/

