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Large scaled data 
clustering

• Large scaled data 

• Parallel and distributed processes 

• Expectation Maximization 

• K-means 

• Hierarchical clustering models 

• Codes : annealed K-Means, Annealed EM  

• Numerical simulations



Images and Sounds
• Facial images     

• http://www.face-rec.org/databases/ 

• Hand-writing character images 

• MFCC features of  speeches 

• https://sounds.bl.uk/ 

•   

http://www.face-rec.org/databases/
https://sounds.bl.uk/


• Natural images 

• https://www.istockphoto.com/  

• http://deeplearning.net/datasets/ 

• Medical images 

• Art Images https://www.pexels.com/search/art/

https://www.istockphoto.com/
http://deeplearning.net/datasets/
https://www.pexels.com/search/art/


Gaussian pdf 
MEAN

-

Membership to a cluster 
Exclusive or overlapping Mahalanobis 

Distance 



why clustering
• Generative models

Many local 
means

Gaussian mixtures 
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X={x[t]           }∈ Rd d=3



clear all 
L=5; 
a(1,:)=linspace(-5,5,L); 
a(2,:)=linspace(-5,5,L); 
a(3,:)=linspace(-5,5,L); 
X=[]; 
for i=1:L 
    for j=1:L 
        for k=1:L 
            center=[a(1,i) a(2,j) a(3,k)]; 
            Xi=randn(20,3)*0.15+ ones(20,1)*center; 
            X=[X;Xi]; 

        end 
    end 
end 
plot3(X(:,1),X(:,2),X(:,3),'.'); 

data_gen.m



Parallel and 
Distributed Processes
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Criteria
• High-dimensional data: sub-images 

• Large-scaled data: ten millions patterns 

• High Speed: parallel and distributed processes 

• Accuracy, High Quality
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Exclusive Membership

• A vector of  K binary values 

• Only one active bit among K bits 

• The kth bit is active and the remaining bits zeroes

K, 1,kk,1,-k 2  1    pos
]0 0, , ,0 ,1 ,0 , ,0 , 0[

!!

!!

+

= TK
ke

[0 1 0 0 0 0 0]=δi = e7
2



Standard Basis
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,  iff  
x[t] is generated by the 2th pdf  
δ[t] ∈ {e1, . . . , e7} δ[t] = e2
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K-means:  
recover exclusive memberships



Clustering
• input : x[t] for all t 

• output :         for all t  

• Representatives or local means :

δ[t]

{y[m]}K
m=1
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Probabilistic 
Memberships
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Expectation

• Consider an exclusive membership as a random 
vector 

• Assumption of  probability 

• Expectation 
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Expectation
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Expectation Equation
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EM: expectation maximization



Expectation 
Maximization

• Mathematical modeling  

• The distance between x[t] and its representative is 
minimized.  

• ∑
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[ξi1, . . . , ξik, . . . , ξiK]One and only one active bit in 
inner summation contains one non-zero term at most 

A: pdf  
(xi − yk)T A(xi − yk)

Mahalanobis 
A=I



• EM minimizes                  directly with respect to 
all 
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Maximization 
(minimization)
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EM Formula
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While-looping

~HC

Initialize      for all ik   vik

exit

Execute EM formula

Initialize      for all k   yk



https://www.mathworks.com/help/stats/clustering-using-gaussian-mixture-models.html


https://github.com/girishvjoshi/EM-Clustering






Clustering by  K-Means



Update a 
single centroid



Memberships before 
updating



Memberships after 
updating



x1=linspace(-1,1,5);
x2=linspace(-1,1,5);
X=[];
for i=1:5
    for j=1:5
        X=[X;rand(100,2)*0.25+[ones(100,1)*x1(i) ones(100,1)*x2(j)]];
    end
end         
 
plot(X(:,1),X(:,2),'.');
hold on;    
[cidx, ctrs] = kmeans(X,25);
plot(ctrs(:,1),ctrs(:,2),'ro');
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K = 9;
x1=linspace(-1,1,K);
x2=linspace(-1,1,K);
X=[];
for i=1:K
    for j=1:K
        X=[X;rand(100,2)*0.15+[ones(100,1)*x1(i) ones(100,1)*x2(j)]];
    end
end         
 
plot(X(:,1),X(:,2),'.');
hold on;    
[cidx, ctrs] = kmeans(X,K^2);
plot(ctrs(:,1),ctrs(:,2),'ro');
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    %  Created by Jiann-Ming Wu on 10/23/18. 
L = 6; 
a(1,:)=linspace(-6,6,L); 
a(2,:)=linspace(-6,6,L); 
a(3,:)=linspace(-6,6,L); 
X=[]; Y=[]; 
for i=1:L 
    for j=1:L 
        for k=1:L 
            center=[a(1,i) a(2,j) a(3,k)]; 
            Xi=randn(20,3)*0.15+ ones(20,1)*center; 
            X=[X;Xi]; 
            Y=[Y;center]; 

        end 
    end 
end 
A=eye(3)+randn(3,3)*0.1;
X=X*A;
plot3(X(:,1),X(:,2),X(:,3),'.');

data_gen2.m







    %  Created by Jiann-Ming Wu on 10/23/18. 
L = 6; 
a(1,:)=linspace(-6,6,L); 
a(2,:)=linspace(-6,6,L); 
a(3,:)=linspace(-6,6,L); 
X=[]; Y=[]; 
for i=1:L 
    for j=1:L 
        for k=1:L 
            center=[a(1,i) a(2,j) a(3,k)]; 
            Xi=randn(20,3)*0.15+ ones(20,1)*center; 
            X=[X;Xi]; 
            Y=[Y;center]; 

        end 
    end 
end 
A=eye(3)+randn(3,3)*0.1;
X=X*A;
plot3(X(:,1),X(:,2),X(:,3),'.');
hold on

[cidx, ctrs] = kmeans(X,L^3);
plot3(ctrs(:,1),ctrs(:,2),ctrs(:,3),'ro');







function demo_my_kmeans()
    x1=linspace(-1,1,5);
    x2=linspace(-1,1,5);
    X=[];
    for i=1:5
        for j=1:5
            X=[X;rand(100,2)*0.25+[ones(100,1)*x1(i) ones(100,1)*x2(j)]];
        end
    end         
 
    plot(X(:,1),X(:,2),'g.');
    hold on;    
    Y = my_kmeans(X,25);
    plot(Y(:,1),Y(:,2),'ro');
end



function Y=my_kmeans(X,M)
    mean_X = mean(X);
    N = size(X,1);
    Y = ones(M,1)*mean_X + rand(M,2)*2-1;
    change = 1; ep = 10.^-6;
    while change > ep
        D=cross_dis(X,Y);
        [xx,v]=min(D');
        dis = [];
        for i=1:M
            ind=find(v == i);
            if length(ind) > 0
                Y_new(i,:) =mean(X(ind,:));
                dis = [dis xx(ind)];
            else
                Y_new(i,:) = rand(1,2)*2-1;
            end
        end
        change = mean(mean(abs(Y-Y_new)));
        fprintf('change %f dis %f \n',change, mean(dis));
        Y=Y_new;
    end
end



function D=cross_dis(X,Y)
    K=size(Y,1);N=size(X,1);
    A=sum(X.^2,2)*ones(1,K);
    C=ones(N,1)*sum(Y.^2,2)';
    B=X*Y';
    D=sqrt(A-2*B+C);
end for i = 1:N 

for j = 1:K 
                                D(i,j) = norm(X(I,:),Y(j,:) 

end 
end 

Dij = (xi − yj)T(xi − yj) = xT
i xi − 2xT

i yj + yT
j yj



X=rand(10000,10); 
Y = rand(100,10); 
    K=size(Y,1);N=size(X,1); 
    tic 
    A=sum(X.^2,2)*ones(1,K); 
    C=ones(N,1)*sum(Y.^2,2)'; 
    B=X*Y'; 
    D=sqrt(A-2*B+C); 
t1 = toc 
tic 

for i = 1:10000 
for j = 1:100 
       D2(i,j) = norm(X(i,:)-Y(j,:)); 
end 
end 
t2 = toc 

sum(sum(abs(D-D2)))



K-means
• Consider fixed local means,  for all  

• Determine exclusive memberships for each data   

• Minimize 

yk k

Ei = ∑
k

ξik xi − yk
2

∑k ξik = 1
ξik ∈ {0,1}



assignment

• is minimized by simply assigning one to 

Ei = ∑
k

ξik xi − yk
2

ξik*

xi is closest to yk*



Assignment

• is equivalent to 

xi is closest to yk*

xi − yk* = mink xi − yk



assignment

•        is simply assigned to a cluster whose 
representative is closest to
xi

xi



• is equivalent to

xi − yk* = mink xi − yk

k * = arg min
k

xi − yk



Partition and Updating 
K-means

• Partition the whole data set into K non-
overlapping subsets 

•      is partitioned to      if  xi Sk ξi = ek

Sk = {xi |ξi = ek |ξik = 1}



Updating K-means

• Recalculate the mean of  elements in Sk

yk =
1

|Sk | ∑
i∈Sk

xi



While-looping

~HC

Initialize      for all k   yk

exit

Assign     for all i  
Partion X to         for  
Set      to the mean of       for each k         

k = 1,...,K
ξi

Skyk

Sk



Synchronous update: 
All centroids are 

updated at the same time



Annealed Expectation 
Maximization
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EM Formula
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Derivation from Free 
Energy
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Free Energy

• A combination of  Mean Energy and Negative 
Entropy
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Mean Field Equations
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Free Energy
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Large scaled data 
clustering

• Cross Distance 

• Parallel and distributed codes of  Cross distances 

• Hierarchical clustering models 

• Codes : annealed K-Means, Annealed EM  

• Numerical simulations



function D=cross_dis(X,Y)
K=size(Y,1);N=size(X,1);
A=sum(X.^2,2)*ones(1,K);
C=ones(N,1)*sum(Y.^2,2)';
B=X*Y';
D=sqrt(A-2*B+C);

(x − y)T(x − y) = xT x − 2xTy + yTy



Case 1
• dimension = 3 

• 2500 data points  

• 125 centers 

• cross distances between data points and centers 

• 2500x125



clear all 
L=5; 
a(1,:)=linspace(-5,5,L); 
a(2,:)=linspace(-5,5,L); 
a(3,:)=linspace(-5,5,L); 
X=[]; Y=[]; 
for i=1:L 
    for j=1:L 
        for k=1:L 
            center=[a(1,i) a(2,j) a(3,k)]; 
            Xi=randn(20,3)*0.15+ ones(20,1)*center; 
            X=[X;Xi]; 
            Y=[Y;center]; 

        end 
    end 
end 
plot3(X(:,1),X(:,2),X(:,3),'.'); 

data_gen.m
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• D=cross_dis(X,Y); 

• >> size(D) 

• ans = 

•         2500         125 

• >> tic;D=cross_dis(X,Y);toc 

• Elapsed time is 0.046284 seconds.



function [Y Q]=annealed_kmeans2(X,K)
[N d]=size(X);
mean_x = mean(X);
B=0.1;stability=1/K;
Y=rand(K,d)*0.2-0.1+ones(K,1)*mean_x;
HC=0; Q=ceil(rand(N,1)*size(Y,1))';
ep=10^-10;
while ~HC
    if stability < 1/K*2
        Y=Y+rand(K,d)*0.02-0.01;
    end
    D=cross_dis(X,Y);
    U= exp(-B*D);
    S=sum(U,2);
    ind_zero=find(S < ep);
    S(ind_zero)=10^-6;
    n_empty_node=length(ind_zero);
    Q=U./(S*ones(1,K));
    stability=mean(sum(Q.^2,2));
    E=mean(sum(Q.*D.^2,2));
    stability=stability*K/(K-n_empty_node);
    for k=1:K
        a=sum(Q(:,k));
        b=sum(X.*( Q(:,k)*ones(1,d)));
        if a > 0
        Y(k,:) = b/a;
        end
    end
    fprintf('B %f sta %f E %f n %d\n',B,stability,E,n_empty_node);
    if stability > 0.98 
        HC=1; 
    end    
    B=B/0.995;
end





Extremely high-
dimensional patterns



A stethoscope equipped with 

BLUETOOTH-4.0

Record heart sound and transmit to a mobile device 

for analysis	
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Heart sounds
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case 2

• dimension = 13 

• data points 1998000 

• centers 12000 

• X= rand(198000,13); Y=rand(12000,13); 

•



• X= rand(199800,13); Y=rand(12000,13); 

• tic;D=cross_dis(X,Y);toc



batches
• X= rand(100*4000,13); Y=rand(12000,13); 

• x_batch =4000; y_batch=4000;  

• x_batch_num = 100*4000/x_batch; 

• y_batch_num =12000/y_batch; 

• for i=1:x_batch_num 

• XX{i}=X(1+(i-1)*x_batch:i*x_batch); 

• end 

• for j=1:y_batch_num 

• YY{j}=Y(1+(j-1)*x_batch:j*x_batch); 

• end 

•



D = zeros(x_batch_num,x_batch,y_batch);
for i=1:x_batch_num
    D(i,:,:)=zeros(x_batch,y_batch);
end
parfor i=1:x_batch_num
   D(i,:,:)=cross_dis(XX{i},YY{1});
end



Images and Sounds
• Facial images     

• http://www.face-rec.org/databases/ 

• Hand-writing character images 

• MFCC features of  speeches 

• https://sounds.bl.uk/ 

•   

http://www.face-rec.org/databases/
https://sounds.bl.uk/

