
Minimal energy maximal 
entropy



A Mean field approach



Minimize 

  

Subject to  

E(δ) =
1
2 ∑

m
∑

n

δT
mC(m, n)δn

∑
i

δmi = 1,δmi ∈ {0,1}



Minimize 

  

Subject to  

E(δ) =
1
2 ∑

m
∑

n

δT
mC(m, n)δn

∑
i

δmi = 1,δmi ∈ {0,1}

∂E
∂δmi



Probabilistic approach: expectation maximization

• Let  

•
 

• Minimal energy  and maximal entropy

pij ∝ exp(uij)

∑
j

pij = 1

E(δ)
−∑

i
∑

j

pij log pij

An auxiliary variable

 represents the probability of the jth bit 
 being active,  

pij
δij pij ∈ [0,1]



 
  is a unitary vector of binary elements 

  
  

δi = [δi1, . . . , δij, . . . , δin], δij ∈ {0,1}
δi

∑
j

δij = 1

A probabilistic model assumes  as a random variable. 
 

 is a unitary vector of n binary elements with the ith element one 

δi
δi ∈ {e1, . . . en}

ei

Unitary 
condition



 
. 
. 
. 

 
. 
. 
. 

 

e1 = [1,0,...,0]T

ei = [0,0,...,0,1,0...,0]T

en = [0,0,...,0,1]T

 
Find the expectation of  

Find the entropy of  

pij = Pr(δi = ej) ∝ exp(uij)
δ

δ



Let  
Since ,  

pij = K exp(uij)

∑
j

pij = 1

∑
j

pij = ∑
j

K exp(uij) = 1

K =
1

∑j exp(uij)
, pij =

exp(uij)
∑h exp(uih)

Softmax 
Operation



Expectation of  
=  

δi
[pi1, . . . , pij, . . . , pin]T

= [
exp(ui1)

∑h exp(uih)
, . . . ,

exp(uij)
∑h exp(uih)

, . . . ,
exp(uin)

∑h exp(uih)
]T

 represents the probability of the jth bit 
 being active,  

pij
δij pij ∈ [0,1]



Entropy of  

=  

=   

δ

−∑
i

∑
j

pij log pij

−∑
ij

(pijuij − pij log∑
h

exp(uih)) = − ∑
ij

pijuij + log∑
h

exp(uih)

pij =
exp(uij)

∑h exp(uih)
,

pij =
exp(uij)

∑h exp(uih)
,



Mean Field Approximation: 
Minimal mean energy and 

maximal entropy 

Directly substituting 
mean to energy



 Free energy  
= mean energy - entropy

T = 1



Mean Energy is approximated by 
the energy of  mean, 

E( < δ > ) = ∑
ij

pT
i Cijpj approximates < E(δ) >

intractable in computation < E(δ) > = ∑
δ

E(δ)Pr(δ)

pi = ⟨δi⟩



Free energy 
=  

=    

∑
ij

pT
i Cij pj − ( − ∑

i
∑

j

pij log pij)

∑
i

∑
j

pT
i Cij pj + ∑

ij

(pijuij − pij log∑
h

exp(uih))

= ∑
i

∑
j

pT
i Cij pj + ∑

ij

pijuij − ∑
i

log∑
h

exp(uih)



L(p, u) = ∑
i

∑
j

pT
i Cijpj + ∑

ij

pijuij − ∑
i

log∑
h

exp(uih)

,
∂L(p, u)

∂pi
= 0

∂L(p, u)
∂uij

= 0

Differentiable



L(p, u) = ∑
i

∑
j

pT
i Cijpj + ∑

ij

pijuij − ∑
i

log∑
h

exp(uih)

∂L(p, u)
∂pi

= 0 ⇒ ui = − ∑
j

Cijpj

j ≠ i

j ≠ i

M step



L(p, u) = ∑
i

∑
j

pT
i Cijpj + ∑

i

pT
i ui − ∑

i

log∑
h

exp(uih)

∂L(p, u)
∂uij

= 0 ⇒ pij =
exp(uij)

∑h exp(uih)
,

Expectation step



 uij = − ∑
j

Cijpij

pij =
exp(uij)

∑h exp(uih)
, Expectation step

Maximization step

Thermal equilibrium



initializationstart

~ halting cond

M- step

E- step

end

T

uij = − ∑
j

Cij pij

pij =
exp(uij)

∑h exp(uih)
,



Classification neural 
network



 ui = − ∑
j

Cijvj

pij =
exp(uij)

∑h exp(uih)

 hj =
d

∑
k=1

ajkvk

vj = tanh(hj)

v = [v1, . . . , vd]



z1

z2

zd

. 

. 

.

tanh

tanh

tanh

. 

. 

.

Exp

exp

exp

∑

/

/

/

p1

pi

. 

.
. 
.

pn

v2

vd

v1

a c

Cross Entropy, 
softmaxloss 

=Q(q | |p) ∑
i

qiln
qi

pi

 y = [q1, . . . , qn] ∈ {e1, e2, . . . , en}



Let .  Find 

1.  

2.  

3.

y = eb

dQ
dui

= ? for i = b

dQ
dui

= ? for i ≠ b

dQ
dajk

= ?


