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Relaxation of Neural Dynamics



Convergence to solve 4-by-4 Sudoku



Three Dimensional Neural Circuits



Inhibition constraints



x(i, j, k) ∈ {0,1}

i ∈ {1...9}

j ∈ {1...9}

k ∈ {1...9}

729 
unkowns



Three constraints of 
binary variables for 

solving   Sudoku9 × 9



B = [1,2,2;
    1,5,3;
    1,8,4;
    2,1,6;
    2,9,3;
    3,3,4;
    3,7,5;
    4,4,8;
    4,6,6;
    5,1,8;
    5,5,1;
    5,9,6;
    6,4,7;
    6,6,5;
    7,3,7;
    7,7,6;
    8,1,4;
    8,9,8;
    9,2,3;
    9,5,4;
    9,8,2];  
drawSudoku(B)
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i = 6

j = 4

x(6,4,7) = 1 Binary 
variables

x(i, j, k) ∈ {0,1}

Constraint I: 
Clues 
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j

, where  
3

∑
i=1

3

∑
j=1

x(i + U, j + V, k) = 1 U, V ∈ {0,3,6}

U = 3 
V = 3

81 Constraint II: 
nine blocks 

U = 6 
V = 3

k ∈ {1...9}

3

∑
i=1

3

∑
j=1

x(i + 3,j + 3,1) = 1

x(2 + 3,2 + 3,1) = 1

x(3 + 3,1 + 3,7) = 1

U = 0, V = 0,
3

∑
i=1

3

∑
j=1

x(i + 0, j + 0,k) = 1 U = 0 
V = 0



9

∑
k=1

x(i, j, k) = 1

9

∑
j=1

x(i, j, k) = 1

9

∑
i=1

x(i, j, k) = 1
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Constraints III: Row, 
column,  unitary conditions i = 6

j = 4



∑
k

x(i, j, k) = 1

∑
j

x(i, j, k) = 1

∑
i

x(i, j, k) = 1
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∑
k

x(1,8,k) = 1

81 constraints for different i and j

∑
k

x(1,9,k) = 1



∑
k

x(i, j, k) = 1

∑
j

x(i, j, k) = 1

∑
i

x(i, j, k) = 1
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∑
j

x(1,j,4) = 1

81 constraints for different i and k



∑
k

x(i, j, k) = 1

∑
j

x(i, j, k) = 1

∑
i

x(i, j, k) = 1

2 3 4

6 3

4 5

8 6

8 1 6

7 5

7 6

4 8

3 4 2

∑
i

x(i,8,4) = 1

Nine-alphabet  Latin Square



%% The rules of Sudoku:
N = 9^3; % number of independent variables in x, a 9-by-9-by-9 array
M = 4*9^2; % number of constraints, see the construction of Aeq
Aeq = zeros(M,N); % allocate equality constraint matrix Aeq*x = beq
beq = ones(M,1); % allocate constant vector beq
f = (1:N)'; % the objective can be anything, but having nonconstant f can speed 
the solver
lb = zeros(9,9,9); % an initial zero array
ub = lb+1; % upper bound array to give binary variables

Matlab programming 

Equality constraint
Aeq * x = beq

Aeq:
324 × 729 x(:) :729 × 1 b:324 × 1

 
 
 

 

Ax = b
x : 729 × 1

A : 324 × 729
b : 324 × 1



for i = 1:size(B,1)
    lb(B(i,1),B(i,2),B(i,3)) = 1;
end

B = [1,2,2;
    1,5,3;
    1,8,4;
    2,1,6;
    2,9,3;
    3,3,4;
    3,7,5;
    4,4,8;
    4,6,6;
    5,1,8;
    5,5,1;
    5,9,6;
    6,4,7;
    6,6,5;
    7,3,7;
    7,7,6;
    8,1,4;
    8,9,8;
    9,2,3;
    9,5,4;
    9,8,2];  
drawSudoku(B)

Upper bound of 
of 6,4,7)  is onex(

Lower bound of       
6,4,7)  is set to onex(It is implied that 

x(6,4,7) is one



∑
k

x(i, j, k) = 1

∑
j

x(i, j, k) = 1

∑
i

x(i, j, k) = 1

x is a  matrix.  
 For some j and k,  sum of 9 
elements with different  is one

9 × 9 × 9

i

Specify nine elements in   to one 
such that sum of 9 elements with 
different  is one for some  and 

a

i j k

[a111 a112 . . . a119 a121 a122 . . . a129 . . . a191 a192 . . . a199 a211 . . . a299 a311 . . . a399 . . . a911 . . . a999]x(:) = 1

Equality constraint
Aeq * x = beq



∑
i

x(i, j, k) = 1

2 3 4

6 3

4 5

8 6

8 1 6

7 5

7 6

4 8

3 4 2

∑
i

x(i,8,4) = 1

[a111 a112 . . . a119 a121 a122 . . . a129 . . . a191 a192 . . . a199 a211 . . . a299 a311 . . . a399 . . . a911 . . . a999]x(:) = 1

729 
elements

∑
i

x(i,8,4) = a184x184 + a284x284 + . . . + a984x984 = 1

a184 = 1,a284 = 1,...,a984 = 1 And remaining 720 ai84 terms are zero



counter = 1;
for j = 1:9 % one in each row
    for k = 1:9
        Astuff = lb; % clear Astuff
        Astuff(1:end,j,k) = 1; % one row in Aeq*x = beq
        Aeq(counter,:) = Astuff(:)'; % put Astuff in a row of Aeq
        counter = counter + 1;
    end
end

∑
k

x(i, j, k) = 1

∑
j

x(i, j, k) = 1

∑
i

x(i, j, k) = 1

lb is a  matrix.  
 For some j and k,  sum of 9 
elements with different  is one

9 × 9 × 9

i

Specify nine elements  to one such 
that sum of 9 elements with 
different  is one for some  and i j k



for i = 1:9 % one in each column
    for k = 1:9
        Astuff = lb;
        Astuff(i,1:end,k) = 1;
        Aeq(counter,:) = Astuff(:)';
        counter = counter + 1;
    end
end

∑
k

x(i, j, k) = 1

∑
j

x(i, j, k) = 1

∑
i

x(i, j, k) = 1

lb is a  matrix.  
 For some i and k,  sum of 9 
elements with different j is one

9 × 9 × 9

Specify nine elements  to one such 
that sum of 9 elements with 
different j is one for some i and k



for i = 1:9 % one in each depth
    for j = 1:9
        Astuff = lb;
        Astuff(i,j,1:end) = 1;
        Aeq(counter,:) = Astuff(:)';
        counter = counter + 1;
    end
end

∑
k

x(i, j, k) = 1

∑
j

x(i, j, k) = 1

∑
i

x(i, j, k) = 1

lb is a  matrix.  
 For some i and k,  sum of 9 
elements with different  is one

9 × 9 × 9

i

Specify nine elements  to one such 
that sum of 9 elements with 
different k is one for some i and j



for U = 0:3:6 % one in each square
    for V = 0:3:6
        for k = 1:9
            Astuff = lb;
            Astuff(U+(1:3),V+(1:3),k) = 1;
            Aeq(counter,:) = Astuff(:)';
            counter = counter + 1;
        end
    end
end

, where  
3

∑
i=1

3

∑
j=1

x(i + U, j + V, k) = 1 U, V ∈ {0,3,6}
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8 1 6
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7 6

4 8

3 4 2

U = 3 
U + (1:3)

{

{
V = 6 

V + (1:3)







9

6

3

7

8

1

2

4

5

2

1

7

4

5

6

8

9

3

5

8

4

9

2

3

7

1

6

6

5

9

8

4

7

3

2

1

3

7

8

2

1

9

5

6

4

1

4

2

6

3

5

9

7

8

8

2

5

1

9

4

6

3

7

4

9

6

3

7

8

1

5

2

7

3

1

5

6

2

4

8

9

2 3 4

6 3

4 5

8 6

8 1 6

7 5

7 6

4 8

3 4 2



B = [1, 7, 8;
    1, 9,7;
    2, 1, 3;
    2, 2, 2;
    2, 4, 7;
    2, 7, 5;
    3, 3, 7;
    3, 4, 8;
    3, 5, 1;
    3, 7, 6;
    3, 8, 2;
    4, 5, 4;
    5, 1, 1;
    5, 3, 9;
    5, 7, 7;
    5, 9, 4;
    6, 5, 8;
    7, 2, 9;
    7, 3, 4; 7, 5, 7; 7, 6, 5; 7, 7, 2;
    8, 3, 1; 8, 6, 4; 8, 8, 7; 8, 9, 3;
    9, 1, 7; 9, 3, 2]
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https://stanford.edu/~boyd/software.html


https://www.cvxpy.org


A30×20x20×1 = b30×1



https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf


https://web.stanford.edu/~boyd/cvxbook/bv_cvxslides.pdf




,  
 

,  
Subject to 

Am×n m = 30,n = 20
x = [x1, . . . , xn]T

minx∥Ax − b∥2

0 ≤ xi ≤ 1, for all i

Constrained 
optimization

Objective 
function



# Construct the problem.
x = cp.Variable(n)
objective = cp.Minimize(cp.sum_squares(A @ x - b))
constraints = [0 <= x, x <= 1]
prob = cp.Problem(objective, constraints)

# The optimal objective value is returned by `prob.solve()`.
result = prob.solve()





Python整數規劃與數獨求解： 
幫幫外送員 
Knapsack

Polynomial time 
Non-polynomial time

N: problem size

10 10000

nlogn 23 92103

100 100000000

N! 3628800 Inf

1024 ??

n2

2N

Non-
polynomial



幫幫外送員

p = [10, 13, 18, 31, 7, 15] 
w = [11, 15, 20, 35, 10, 33] 
c, I = 47, range(len(w))

從w串列
中選擇外
送物件，
總體積或
重量小於

c

對應的利潤
總和最高

xi = 0 代表第i個物件不送

xi = 1 代表第i個物件要送,  i ∈ I = {1,2,3,4,5,6}



11

p = [10, 13, 18, 31, 7, 15] 
w = [11, 15, 20, 35, 10, 33] 
c, I = 47, range(len(w))

15 20 35
10

33

10元 13元 18元
31元

7元

15元

總重量c = 47



Mip

https://www.python-mip.com
https://www.python-mip.com


p = [10, 13, 18, 31, 7, 15] 
w = [11, 15, 20, 35, 10, 33] 
c, I = 47, range(len(w))



xi = 0 代表第i個物件不送

xi = 1 代表第i個物件要送,  i ∈ I = {1,2,3,4,5,6}





from mip import Model, xsum, maximize, BINARY 

p = [10, 13, 18, 31, 7, 15] 
w = [11, 15, 20, 35, 10, 33] 
c, I = 47, range(len(w)) 

m = Model("knapsack") 

x = [m.add_var(var_type=BINARY) for i in I] 

m.objective = maximize(xsum(p[i] * x[i] for i in I)) 

m += xsum(w[i] * x[i] for i in I) <= c 

m.optimize() 

selected = [i for i in I if x[i].x >= 0.99] 
print("selected items: {}".format(selected))





https://github.com/JeroenGar/OPT_SudokuSolverCBC


https://stanford.edu/~boyd/software.html


Ax = b

AT Ax = ATb

̂x = (AT A)−1ATb















m = 20; n = 10; p = 4; 
A = randn(m,n); b = randn(m,1); 
C = randn(p,n); d = randn(p,1); e = rand; 
cvx_begin 
    variable x(n) 
    minimize( norm( A * x - b, 2 ) ) 
    subject to 
        C * x == d 
        norm( x, Inf ) <= e 
cvx_end



安全性
設定



強制允許



https://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=5247059








m = 20; n = 10; p = 4; 
A = randn(m,n); b = randn(m,1); 
C = randn(p,n); d = randn(p,1); e = rand; 
cvx_begin 
    variable x(n) 
    minimize( norm( A * x - b, 2 ) ) 
    subject to 
        C * x == d 
        norm( x, Inf ) <= e 
cvx_end 

norm(C*x-d) 
max(abs(x))<= e 
norm(A*x-b)





-1.5 -1 -0.5 0 0.5
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1

x 2

Largest Euclidean ball lying in a 2D polyhedron

x = (xc1 + rcos(θ), xc2 + rsin(θ))

a11x1 + a12x2 ≤ b1

a11(xc1 + rcos(θ)) + a12(xc2 + rsin(θ)) ≤ b1

a11xc1 + a12xc2 + r(a11cos(θ) + a12sin(θ)) ≤ b1

a11cos(θ) + a12sin(θ) = = norm(a1,2)

(a2
11 + a2

12)



http://cvxr.com/cvx/examples/


min
1
2

x′￼* P * x + q′￼* x + r

, for i = 1,…,3−1 ≤ xi ≤ 1

xi ∈ {1, − 1}



min
1
2

x′￼* P * x + q′￼* x + r

, for i = 1,…,3−1 ≤ xi ≤ 1



,  
 

,  
Subject to 

Am×n m = 30,n = 20
x = [x1, . . . , xn]T

minx∥Ax − b∥2

0 ≤ xi ≤ 1, for all i



Add with sub-
directories






















