Numerical Integration

& RtERZiE Composite Trapzoid
SR E 7% Composite Simpson



2-variate Gaussians




Four 2-variate Gaussians
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eight sum of Gaussian pdfs

Q(X):Z”kpk(x|AaYk)




function out=myfx4(x,v)

global ep;
A=[0.8 0.2; 0.3 0.75], d=4;
u(l,:)=(d d]; u(2,:)=[-d d];
u(3,:)=[d -d]; u(4,:)=[-d -d];
A=A"*A n=length(x);
c=1/(2*p1¥*sqrt(det(inv(A))));

tx=[x;ones(size(x))*y]";
for 1=1:n
out(1)=0;
for j=1:4
out(1)=out(1)+1/4¥c*exp(-(tx(1,:)-u(y, : ))*¥A*(tx(1,:)-u(3,:))"/2);
end
end




function plot 4G

n=4:
range=n*pi;
xl=-range.0.2:range;
x2=x1;
for 1=1:length(xl)
v _hat=mvix4(x2,x1(1));
C(1,:)=y_hat;
end
fprintf('max value of fx4:%f\n" ,max(max(C)));
mesh(x1,x2,0);




Integration of 4G

demo int 4G.m

function demo_int 4G()
n=4;
Xxmin = -n*p1;
xmax = n¥*pi1;
Double ymIm ="-n"pt;
integration EREERGEE kSl
emmmmmmndl rcSUlt = dblquad(@myfx4,xmin,xmax,ymin, ymax);

fprintf('integration of fx4 over the region :%f \n',result);
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>> demo_int_4G
integration of fx4 over the region

:1.000002
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Example demo ex2 4G.m

” f(x,y)ds = jje_(xz +7%) dy dx

D ==l

Plot of domain D(x, y)

- T

Approx. integral 2.230985141404140
True Integral 2.230985141404130

-

>> démo_exGZ

-integration of fG2 over the region :2.2309851725856071347 -



exp(cos(x))

plot_expcos.m

function plot_expcos()
x=linspace(0,p1);
plot(x,fx(x));

function y=fx(x)

y=exp(cos(x));
return




Definite Integration

demo_qguad.m

function demo_guad() >> demo_quad
q = quad(@fx.,0,pi); quadrature = 3.977463

fprintf('quadrature = %fin’,q);

function y=fx(x)

y=exp(cos(x));
return




Symbolic integration

demo_int.m

ss=input(‘function of x:','s’);
fx=inline(ss);

x=sym('x");

ss="Int(" +ss+")";
ss1=eval(ss);



Example

function of x:x.A2+2*x-5
fxl =

Inline function:
fx1(x) = 1./3.*x.N




Numerical integration - quadrature

f(x) > 0 on [a,b] bounded = fé’f(:c) dx is area under f(x
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Counter example

7T

/02 [1 —a251n29}%d9

>> demo _int
function of x:(1-sin(x.”~2)).”~(1/3)
Warning: Explicit integral could not be found.




ss=input('function of x:','s");
fx=inline(ss);

x=sym('x’);

ss="int(" +ss+")";
ssi=eval(ss)

function of x:(1-sin(x”2))~(1/3)
ssl =

int((1 - sin(x”2))~(1/3), x)




lot sin13.m

ss="(1-sin(x).*2). A1/3)°
fx=1nline(ss);
x=l1nspace(-2%p1,2%p1);
plot(x,fx(x))




Numerical integration

function demo_quad2()
q = quad(@fx,0,pi);
fprintf('quadrature = %f\n',q);

function y=fx(x)
y = (1-sin(x).”2).7M(1/3);

>> demo_quad?2
quadrature = 2.240498




Mesh

PE{a=$o<CE1<°“<xn=b}

Infima and suprema:

inf {f(a?) x; <x < 3?7;4-1}
sup {f(:z:) T < x < xz’—l—l}




Lower and upper sum
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Lower sum : lower bound
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Upper sum : upper bound
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Composite Trapezoild rule
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Uniform mesh
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Constant stepsize h =

n—1
T(f; P) = h{ > fe) + 51f (o) + f(:ru)]}
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Constant stepsize h =

T(f; P) Eh{
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Error Analysis

Theorem: f € C?[a,b] — 3¢ € (a,b) >

b 1 /]
/ f(2)dz = T(f; P) = —(b— a)h?"(€) = o(n?)




Partition size

T
/o e dx. error tolerance < % x 1073 n =7

o f(z) =€ = fl(z) = —€e“Tsinz ... |f"(x)| <e on [0,n]

e .. |error| < -1%#(7?/71)263 < % x 103

e ... n>119




Composite Trapezoid rule

= inputs,aandb
f =inline(s); Setn
h = (b-a)/n; ans = 1/2*(f(a)+f(b))
fori=1:n-1
add f(a+i*h) to ans
ans=ans*h




Flow Chart

Input s,a,b

f =inline(s); Setn
h = (b-a)/n; ans = 1/2*(f(a)+f(b))

add f(a+i*h) to ans

EXIT




Simpson rule for numerical
integration

If f e C%[a,b],then a number & in (a,b) exists with

[ fxyae =22 a[f(a)+4f( /)

a+b

)+f(b)1 YT ay




Exercise

Draw a flow chart to illustrate integration by the composite
Trapezoid rule

Implement the composite Trapezoid rule for numerical
integration, including flow chart and Matlab codes

Test your matlab function with the following integration

|, ()

f(x)=exp(cos(x))
* Test your matlab function with definite integration of the
weight sum of four Gaussian pdfs

* Compare your results with those obtained by using quad.m




Simpson rule

Composite Simpson rule




Simpson rule for numerical
integration




v=sin(X) for x within [1.2 2]

a=1.2;b=2;
Xx=linspace(a,b);plot(x,sin(x));hold on




Quadratic polynomial

e Approximate sin using a quadratic polynomial

c=0.5%(a+b);

X=[a b c]; y=sin(X);
p=polyfit(x,y,2);
z=linspace(a,b);
plot(z,polyval(p,z),'r')




Approximate sin(x) within [1 3] by
a quadratic polynomial

a=1:b=3;
x=linspace(a,b);plot(x,sin(x))
hold on;

c=0.5*%(a+Db);

x=[a b c]; y=sin(x);
p=polyfit(x,y,2);
z=linspace(a,b);

plot(z,polyval(p,z) ,'r')




Approximate sin(x) within [1 3] by
a line

a=1:b=3;
x=linspace(a,b);plot(x,sin(x))
hold on;

c=0.5*%(a+b);

x=[a b ]; y=sin(x);
p=polyfit(x,y,1);
z=linspace(a,b);

plot(z,polyval(p,z) ,'r')




Strategy I : Apply Trapezoid rule to calculate area under a line
Strategy II : Apply Simpson rule to calculate area under a second
order polynomial

Strategy II is more accurate and general than strategy I, since a line is
a special case of quadratic polynomial
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Simpson rule

= QOriginal task: integration of f(x) within [a,b]
= c=(a+b)/2
= Numerical task

Approximate f(x) within [a,b] by a quadratic
polynomial, p(x)

Integration of p(x) within [a,b]




Blue: f(x)=sin(x) within [1,3]
Red: a quadratic polynomial that pass (1,sin(1)), (2,sin(2)),(3,sin(3))




* The area under a quadratic polynomial is a sum of area I, II and III
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- The area under a quadratic polynomial is @ sum of area I, II and III

* Partition [a,b] to three equal-size intervals,
and use the high of the middle point c to produce three Trapezoids

‘Use the composite Trapezoid rule to determine area I, II and III
h/2*(f(a)+f(c) +f(c)+f(c)+ f(c)+f(b))

» substitute h=(b-a)/3 and c=(a+Db)/2
carea I + II + III = (b-a)/6 *(f(a)+4*f((a+b)/2) +f(b))
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(a, f(a))
(b, 1(D))
a+b

(c, f(c),c=

PRV AN
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(a—b)a—c) A (b—a)(b—c) A )(c a)(c— b)J

{ ~n FNS e )
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i
p(x) = V(“)
proof : p(a) = f(a),p(b) = f(b).p(c) = f(c)
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Shortcut to Simpson 1/3 rule

p(x)=Ax*+Bx+C
pefl;

Ib p(x)dx = Q1)+ Q)+ Q)

b a, a+b.
(fla)+4f( 5 )+ (D))

1. Partition [a,b] to three equal intervals

2. Draw three trapezoids, Q(I), Q(II) and Q(III)
3. Calculate the sum of areas of the three trapezoids




Proof

P == b) -[2f (@) —b)(x—c)+2f (B)(x —a)(x—c) ~4£ (c)(x—a)(x—b)]

= Ax* +Bx+C
pePb,

j.b p(x)dx = j'b (Ax* + Bx + C)dx

b
E x +£x2 + Cx}

_L?

a—i—b




omposite Simpson rule

= Partition [a,b] into n interval
= |ntegrate each interval by Simpson rule
= h=(b-a)/2n




Apply Simpson sule to each
interval

fbp(x)dx
b a a+b
(f(a)+4f( )+f(b))

J (x)dx

j-a+(21'+2 Vi

a+2ih

=§(f(a+2ih)+4f(a+(2i+1)h)+f(a+(2i+2)h))




Composite Simpson rule

a+(2i+2)h

5 a+2ih » f(x)dx

zgf(f(ant2ih)+4f(a+(2i+l)h)+f(a+(2i+2)h))




n=1

~ gz (f(a+2ih)+4 f(a+Qi+Dh)+ f(a+(2i+2)h))




Composite Simpson rule

x,=a+ jh,j=0]1,.,2n  h=(b-a)/2n

41(x) 4.+ f(x,)]

——(f(a)+f(b))+—2f(xzk) ”"Ef(xzk_l)




Composite Simpson rule

x, =a+ jh, j=0,1,..,2n h=(b-a)/2n

Simpson's Rule for Numerical Integration




